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Abstract

Beginning with the work of Dinur, Lin, and Vidick (FOCS, 2024), tensor codes with constant product
expansion have been foundational to recent advances in quantum locally testable codes (qLTCs) based
on cubical complexes. Informally, product expansion says that any low-weight parity check of the tensor
code can be written as the sum of few parity checks of each component code in each dimension.

We give a proof of the existence of two-sided product expanding codes which, unlike the earlier
result of Kalachev and Panteleev (FOCS, 2025), does not rely on explicit constructions of asymptotically
optimal locally testable codes (c3-LTCs). For every fixed number of component codes and dimensions
whose rates are bounded away from zero and one, we show that independent random linear codes over a
sufficiently large prime field have constant two-sided product expansion with probability tending to one.
The tradeoff is that our proof requires the characteristic to grow with the block length, while [KP25]
takes extensions of Fs.

To replace the use of ¢>-LTCs, we develop several new techniques that we view as interesting in
their own right. Instead of working directly over finite fields, we work over the reals and use random
Rademacher matrices for the generator matrices of the component codes. From here, we we show that
the extendability of e-closed sets can be reduced to controlling the operator norm of sparse restrictions
of carefully chosen Gram matrices. Applying the trace power method to bound this norm reduces to
bounding the number of possible labelings of certain closed walks on bipartite graphs, which we bound
using the sparsity of the operators and bounds on the number of equivalence classes of weak Wigner
words from Anderson and Zeitouni (Probab. Theory Relat. Fields., 2006), which were originally applied
to band matrices. Transferring our result from the reals to finite fields is what causes our result to require
a large field characteristic.

Due to our techniques not relying on explicit ¢>-LTCs, we believe that they form a promising starting
point towards showing the existence of product expanding tensor codes where the component codes have
non-trivial automorphism groups and coboundary expanding codes that could be used as the local codes
of non-cubical complexes, such as simplicial complexes. Overall, we offer a different random model and
novel techniques for studying the product expansion of random linear codes.
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1 Introduction

A linear error-correcting code is a subspace C C Fy in which any pair of distinct elements ¢ # ¢’ € C satisfy
%|c — | > 4, where § is known as the relative distance of the code. One desirable property of a linear
error-correcting code is for it to be locally testable: a randomized function T' : Fjy — {Accept, Reject} such
that T'(c) = Accept for all ¢ € C and Pr[T'(w) = Reject] > 2 - dist(w,C), where dist(w,C) is the Hamming
distance of w to C. The locality of T is how many coordinates of w it reads and s is its soundness. A family
of locally testable codes (C,)nen is known as a ¢3-LTC if its parameters are asymptotically optimal, i.e.,
its relative distance 4, rate p = dim(C)/n, soundness s and locality are all constant. One can also define
an analogous notion of local testability for quantum codes; codes satisfying this property are referred to
as qLTCs. Classical LTCs and qLTCs have found important applications throughout theoretical computer
science [GVSV06; BGHMRS15; EH17; KM25; NP25]; in particular, LTCs are a key component in the original
proof of the PCP theorem.

Recent constructions of classical LTCs [DELLM22; PK22], qLTCs [DLV24], and quantum low-density
parity-check codes (qLDPCs) [PK22; DHLV22], all use variants of the same strategy whereby a high-
dimensional expander (HDX) is used to lift a small, constant-sized code with good product expansion,
as in Definition 1.1, to create a large code with good parameters. These constructions fall into the frame-
work of sheaf codes, a generalization of Tanner codes, first formally defined by [PK24]. Just like a Tanner
code, a sheaf code only needs two pieces of information: a large, explicit (possibly high-dimensional) graph
with structured local neighborhoods and a collection of constant-sized “local” codes that can be placed at
these neighborhoods on the graph.

Sheaf codes have already been implicitly used extensively for constructing linear codes [DK17; BE21;
Mes18; PK22; DLV24; DLZ23; FK24; KP23]. The main benefit of the sheaf code framework is that it is
flexible enough to encompass many different constructions of linear codes while being endowed with a formal
cohomology theory that allows for the study of the cosystolic distance and cocycle expansion of the resulting
codes, which are directly related to the relative distance and soundness of the resulting locally testable code.

The HDXs used in the current gLDPC [PK22] and qLTC [DLV24; CHLT26; GJ26; BLN26] constructions
is a cubical complex which requires that the local codes they utilize be tensor codes; consequently, there has
been much recent work on the coboundary expansion of tensor codes. The equivalent notion of coboundary
expansion used in these works, and that we will focus on here, is that of product expansion. For two
component codes of linear distance, product expansion is equivalent, up to a change in parameters, to robust
and agreement testability. For more than two codes, it is a strictly stronger requirement [KP23; Kal23].

Product expansion Let Cy,...,Cp C Fy be linear codes and view words of length nP as arrays indexed
by the grid [n]P. For i € [D], let
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Thus, a word belongs to C(*) precisely when its restriction to each line parallel to the i-th axis belongs to C;.
We define the tensor code and the check-product code, respectively, as
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An easy way to visualize the tensor of two codes C; ® Cs is by labeling the grid [n]? by field elements of F,
such that each row is a codeword of Cy and each column is a codeword of C;. The check-product code is
related to the tensor code by duality:

C1®---®Cp)t =CiB---BCh.

A line-codeword is a word supported on a single axis-parallel line whose restriction to that line belongs
to the corresponding component code. Every word in the check-product code is created by a sum of such



words. Product expansion then asks whether every check-product codeword can be written using few nonzero
line-codewords relative to its Hamming weight.

D
For a € IF([Z"] , let |a|, denote its Hamming weight and set ||a||,; = |a| /n”. Let |a|;, be the number of
lines parallel to the i-th axis on which a is nonzero, and set ||al|, = |a|, /nP 1.

Definition 1.1 (Product expansion). A collection (Ci,...,Cp) is v-product expanding if every ¢ € C; B
--+H Cp has a representation ¢ = Zil a;, where a; € C™, such that

D
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The collection is two-sided v-product expanding if both (Cy,...,Cp) and (Ci,...,C3) are v-product expand-
ing.

Equivalently, a word of Hamming weight w in the check-product code has a decomposition using at most
w/(vn) nonzero line-codewords. Conceptually, product expansion controls how the component codes interact
and forces them to act independently of each other. In applications, it is necessary for v to remain a positive
constant as the component length n grows, with D fixed.

Kalachev and Panteleev [KP23] proved that pairs of random linear codes have constant two-sided product
expansion, while [DHLV22] showed that pairs of random linear codes are robust. However, the almost-good
qLTC construction of [DLV24] and subsequent work on quantum codes [GG25; NP25] require product
expansion for collections of more than two codes. The breakthrough work of Kalachev and Panteleev [KP25]
showed that random linear codes over sufficiently large fields have constant two-sided product expansion for
any fixed number of component codes. In particular, they obtained the following existence theorem.

Theorem 1.2 (Corollary 3 of [KP25]). Fix D > 1 and intervals I1,...,Ip C (0,1) with nonempty interior.
There exists v > 0 such that, for all sufficiently large n, there are codes Ci,...,Cp C F3,,, where t,, =
(n+1)P, with dim(C;)/n € I; such that the collection is two-sided v-product expanding.

Curiously, Kalachev and Panteleev’s proof of this result relies on the existence of ¢3-LTCs, as established
by the explicit, deeply structured constructions of [DELLM22; PK22]. For the reader who has seen many
probabilistic existential proofs of combinatorial objects, it should be quite surprising (and interesting!) that
the proof of [KP25] relies on an explicit construction to obtain an existential result. The main contribution
of this work is a “purely” probabilistic proof of (a variant of) Theorem 1.2, thereby providing new insight
into the phenomenon of product expansion for random codes, and new analytical tools that may allow us to
“go beyond” random codes. We expand upon these motivations next.

1.1 Motivation

Besides pure curiosity, there are two main motivations for this work. First, to obtain good two-sided product
expanding codes where the component codes have non-trivial automorphism groups, which are relevant in
the constructions of qLTCs [PK24] and applicable whenever tensor codes are being used as local codes on
cubical complexes. Second, to prove the existence of good two-sided coboundary expanders that can be used
as the local codes of other complexes, like simplicial HDXs. We elaborate on both of these goals below, but,
before doing so, we recall the strategy of [KP25] to explain the barriers in adapting their argument.

The technique of [KP25] We begin by briefly recalling the role of extendability. Given a tensor code
C=C® - ®Cp and aset M C [n]P, an assignment z € F)’ is locally valid if for every axis-parallel line
¢ entirely contained in M, z|, € C; for the corresponding component code C;. We call M extendable in C if
every such assignment extends (not necessarily uniquely) to a codeword of C on the whole grid. A dual view
to this is that the parity checks contained in M impose all the conditions needed for a global extension. In
particular, if M contains no entire line, all assignments are locally valid, so extendability means that any
arbitrary assignment of elements from F, on M extends.



The sets relevant to product expansion are the e-closed sets: sets for which every axis-parallel line is
either contained in M or meets it in at most en points. By duality, extendability of M in C is equivalent to the
following property: every word in Ct = Ci-8- - -BC} supported on M can be generated by dual line-codewords
on lines entirely contained in M. Such sets are called inner-generated. Kalachev and Panteleev show that if
every e-closed set has this property, then the collection (Ci,...,C3) has constant product expansion, with
a parameter depending only on e and D [KP25]. Applying the statement to both a collection and its dual
gives two-sided product expansion.

Their proof obtains the necessary extendability from mazimally extendable (ME) codes. Within a
specified family, an ME code has the property that every set extendable in any member of the family
is also extendable in the ME code. The family used in [KP25] is parametrized by parity-check matrices
H; € Fy[X](»—k)xn  with a separate variable for every entry. We call a setting of the variables in X
a specialization, which in turn gives concrete codes Cy,...,Cp as defined by these parity check matrices.
Specializations of full row rank give component codes of dimensions k;, and random specializations over a
sufficiently large extension field give an ME tensor code with high probability. While this setup is equiv-
alent to simply taking a random parity-check matrix, we introduce this notion of parity-check matrices
parametrized as polynomials from [PK24] since they allow us to write the determinants of compositions of
these matrices as polynomials in X themselves, and are more flexible, as we elaborate below.

More generally, [PK24] proves an analogous statement for polynomially parametrized families of sheaf
codes, where the polynomials used to define the parity check matrices can be more elaborate than simply
having a distinct variable for each entry. Importantly, an ME tensor code can inherit, with a constant loss
in parameters, the product expansion of any code in its parametrized family.

Nevertheless, one still needs a member of the family from which the ME code can inherit product ex-
pansion, which we call a witness. Kalachev and Panteleev obtain this witness from the explicit ¢3-LTCs
of [DELLM22], namely LTCs with constant rate, relative distance, and query complexity. After adapting
lengths and rates, they show that suitable collections derived from these LTCs have constant product ex-
pansion from which ME codes can inherit their own product expansion. Lastly, the observation that the
dual of a uniformly random linear code is itself uniformly random lets them union bound the two failure
probabilities to obtain two-sided product expansion.

Towards product expanding codes with symmetries FEven with such two-sided product expanding
codes, the qLTCs of [DLV24] have constant rate but inverse-polylogarithmic relative distance and soundness.
In [PK24], the predecessor to [KP25], the authors suggest using the Ramanujan cubical complexes of Rung-
tanapirom, Stix, and Vdovina [RSV19] as a possible route to asymptotically good qLTCs. The proposed
approach calls for local codes that are equivariant with respect to the symmetries of the cubical complex.
That is, the collection of component codes must be two-sided product expanding, and the automorphism
group of each component must also contain the corresponding local permutation group of the complex. The
random model of [KP25] cannot enforce this symmetry requirement since random linear codes have trivial
automorphism groups with high probability [LWZ26].

We encounter two immediate barriers to using this technique to show the existence of two-sided product
expanding codes with prescribed nontrivial symmetries. First, the parametrization of the parity-check ma-
trices allows arbitrary component codes C; instead of just ones with the desired automorphism groups. One
can try to restrict the parametrization so that the resulting codes have the required symmetries, and, when
such a polynomial parametrization is available, [PK24] guarantees an ME code within that family. However,
this brings us to the second barrier: the ¢3-LTC construction of [DELLM22] does not provide the prescribed
automorphism groups. Consequently, the extension witness obtained from these LTCs is not known to lie
in the restricted family, and maximal extendability in that family has no established witness from which to
inherit the required properties.

In our work, we remove the dependence on ¢>-LTCs that gives rise to this second barrier. We prove the
necessary extension properties directly, using random matrices over the reals and then transferring the result
to finite fields. This gives a different random model and novel techniques for studying the product expansion
of random linear codes.



Towards the coboundary expansion of general sheaf codes As we elaborate more in Section 9, our
techniques are flexible enough that they provide a new starting point to analyze the coboundary expansion of
more general sheaf codes, as defined by [PK24], instead of just tensor codes. In particular, recent construc-
tions of classical [DLZ23] and quantum [GK25] codes on simplicial high-dimensional expanders require local
codes that do not have a tensor product structure and currently must use Reed-Solomon or Reed-Miiller
codes. We believe our techniques could lend themselves to analyzing the sheaf codes for the required local
codes of these constructions. We also anticipate that our new framework of analyzing over the reals the
desired properties of a code generated by random Rademacher matrices will be useful more broadly.

1.2 Our results

We obtain the following theorem over a prime field. In the statement, a uniformly random code of dimension
k means a uniformly random k-dimensional subspace of the ambient space.

Theorem 1.3 (Simplified version of Theorem 5.1). Fix D > 1 and 0 < p < 1/2. There are constants v > 0
and ng, depending only on D and p, such that the following holds. For every n > ng and integers k1, ..., kp
satisfying pn < k; < (1 — p)n, there is a prime

p=0 (2"D n log n)

such that independent uniformly random codes C; C ) of dimensions k; are two-sided v-product expanding
with probability at least 1 — 1/log(n + 1). The constant in the field-size bound depends only on D.

The full statement, including an explicit expansion parameter and a sufficient threshold for n, appears
in Theorem 5.1. In particular, we obtain codes whose rates lie in any intervals with nonempty interior in
(0,1). Thus, we recover the existence of two-sided product expanding codes without the use of ¢3-LTCs.
Unlike Theorem 1.2, our proof requires the characteristic to grow with n and does not establish the result
in characteristic two. In applications, such as [DLV24], this is not a serious issue: it simply results in a code
over some constant-sized alphabet instead of the binary alphabet.

Our main task is to prove extendability for every e-closed set. We first work over the reals, using
independent Rademacher entries for the generator matrices. By dualizing and showing that the given e-
closed set is inner-generated, we reduce the problem to showing a certain map has norm less than one.!

To bound its norm, we apply the trace power method. Leveraging the unique properties of Rademacher
random variables turns the norm estimate into a problem of counting labelings of closed walks on bipartite
graphs. The work of Anderson and Zeitouni [AZ06] bounds the number of equivalence classes of such walks,
known as weak Wigner words. We then bound the size of each equivalence class using the fact the original set
is e-closed. This argument shows that each e-closed set has a collection of real generator matrices for which
it is inner-generated for the corresponding collection of codes. We transfer this result from the reals back to
finite fields and to a single collection of codes, instead of a different collection of codes for each e-closed set,
by a Schwartz-Zippel argument similar to that of [KP25]. We explain these arguments in Section 2.

Concurrent work In the last stages of preparing our manuscript, a number of preprints have been posted
that give constructions of asymptotically optimal qLTCs. The works [GJ26; BLN26; CHLT26] all use cubical
complexes with local Reed-Solomon codes to construct asymptotically optimal gLTCs. [CLRTT26] constructs
asymptotically optimal qLTCs under a conjecture on the existence of certain lossless cubical complexes while
not employing local codes at all.

Organization. After the proof overview, Section 3 introduces necessary preliminaries and our framework
of planes and anchor sets. In Section 4 we derive the restriction and corestriction maps of tensor and check-
product codes, respectively, and define the atom decomposition. Section 5 proves our main result based on
the injectivity of a universal corestriction map. Then, Section 6 reduces this injectivity to an operator norm

ISpecifically, this is the plane-interaction matrix as defined in Equation (1).



bound over the reals and gives the transfer to finite fields. Finally, Section 7 reduces this to a norm bound
on sparse tensor matrices, which we prove in Section 8 using weak Wigner words. We finish by proposing
some future directions in Section 9.
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2 Proof Overview

We now explain the main ideas behind Theorem 1.3. Fix the number of codes D and a constant p > 0, and
assume that each code has dimension between pn and (1 — p)n. Our goal is to prove v-product expansion
with v = Qp ,(1).

Our proof has four main parts:

1. Using Lemma 19 and the existence of maximally extendable codes from [KP25], we reduce product
expansion to showing that, for a fixed e-closed set M C [n]P, there is a collection of codes (over the
reals) for which M is inner-generated.

2. We switch to working over R and observe that, for a fixed e-closed M, it is inner-generated if the
plane-interaction matrix K, a centered Gram matrix built using the structure of M, has norm less
than 1.

3. By cleverly decomposing Kj; into a constant number of blocks with easily describable norms and
taking the generator matrices G; € R¥:*™ of the codes Cy,...,Cp to have Rademacher entries, we can
bound the norm of K by the expected value of Rademacher chaos polynomials.?

4. Finally, we bound the expected value of these polynomials by using the fact that M is e-closed and tools
from [AZ06] for weak Wigner words, ultimately giving us that ||K ||, <1 so M is inner-generated.

We now elaborate on these steps in detail.

2.1 Reducing to showing a fixed e-closed set is inner-generated

As mentioned in the introduction, two important results from [KP25] are that the product expansion of a
collection of codes is implied by every e-closed set being inner-generated (Lemma 19) and that ME codes
exist. Kalachev and Panteleev used maximal extendability by showing the fact that a collection of ¢3-LTCs
from [DELLM22] has every e-closed set inner-generated, so an ME code would have each of these sets inner-
generated as well.> Instead of showing that there exists a single collection of codes with all e-closed sets

2A Rademacher chaos is a homogeneous multivariate polynomial with domain {—1,1}.

3While the definition of maximally extendable codes is with regards to the extendability of a set, since extendable sets and
inner-generated sets are dual notions to each other, we can equivalently consider their result on the existence of maximally
extendable codes as one for maximally inner-generated codes.



inner-generated, we show that for each fixed e-closed set M there is a collection of codes for which M is
inner-generated. Then an ME code can inherit the inner-generatedness of each e-closed set from different
collections of codes instead of a single one. The difference in these strategies is summarized in Figure 1

(a) [KP25] (b) Our approach
One witness for all sets A witness for each set
oMz cMs

LTC: ®---®LTCp
@,

Ms | My My \ M
[ ]
CIWE CIWE
3C. VM vM 3cM

Figure 1: Comparison of strategies between [KP25] in (a) and our work in (b). Each gray ellipse represents
the family of polynomially parametrized codes with CM¥ as the maximally extendable code in the family.
In (a), each e-closed set M; is extendable in the tensor product of LTCs, so CME can use this product as its
witness of extendability for all e-closed sets. In (b), each e-closed M; has a different collection of codes CM:
in which it is extendable. Here, CM¥ still inherits the extendability of all e-closed sets, but from different
witnesses.

In reality, our proof technique has one major difference that does not allow us to apply the aforementioned
results from [KP25] in a black-box manner. For a fixed e-closed set M C [n]?, the collection of codes that we
show witness the fact that M is inner-generated is defined by real generator matrices G; € R¥:*™ instead of
over Fo: as in [KP25]. Loosely speaking, to transfer this result from the reals to a finite field, we use the fact
(shown in the next step) that M is inner-generated if and only if a certain matrix depending on the generator
matrices (G;)iec(p is full rank. By taking the determinant polynomial fy; € Z[X] of a non-singular minor in
this matrix—which we know is not identically the zero polynomial since we have real generator matrices that
are not a zero of fy;—we can condition M being inner-generated on choosing generator matrices G; € F’;i xn
such that they are not a zero of fy;. Finally, bounding deg fy; as O(n”) and noticing that there are at most
2n” sets M C [n]P, we use a Schwartz-Zippel argument to show that taking p = O(2”DnD ) will guarantee
some setting of the generator matrices for which [], ocq as fm ((Gi)iep)) is non-zero, meaning that all
e-closed sets are inner-generated.

We elide the details of this argument since the techniques and, in particular, the application of Schwartz-
Zippel, are very similar to those of [KP25]. Our new observations and techniques are contained in the
subsequent steps of our proof. The takeaway from this reduction is that, to prove Theorem 1.3, we just need
to show the following:

Lemma 2.1. Let D > 1, p € (0,1/2), € > 0 be small enough, and n € N be large enough. Take integers
ki,...,kp with pn < k; < (1 — p)n and fix an e-closed set M C [n]P. Then there exist full-rank generator
matrices Gy, ...,Gp with G; € R*¥*" such that M is extendable for C; ® --- ® Cp or, equivalently, inner-
generated for C{- B -+ B C3.



2.2 Proving an c-closed set is inner-generated by the norm of its plane-
interaction matrix

Random model We begin by defining the random Rademacher model we will use in the proof of
Lemma 2.1. To sample G; € R**" we take it to have columns g;(j) € R* indexed by j € [n] where
g:(4) = k;l/Q(ogf}, . ,a,(;i)j)T and each agf; ~ {—1,1}. By construction, each column has unit norm. While
this setup allows for the ge’nerator matrices to not necessarily be full-rank, it is easy to show that they will all
be full-rank with high probability, so we will just concern ourselves with showing that M is inner-generated.

Our goal in the rest of this step is to show that M is inner-generated for the codes from G,...,Gp if
plane-interaction matriz Kjr, constructed later in this step, has ||KM||Op < 1.

Reducing to the injectivity of the corestriction map Take dual codes B; = Ci- and define the check-
product code B = By H --- H Bp. Recall that M is inner-generated when every codeword of B supported
only on M can be expressed as a sum of line-codewords on lines contained within M. Using the generator
matrices (G;);, we can define the natural map

D D
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where K is any field* and e, is the standard basis indexed by = € [n]P. By construction, the kernel of 7
is exactly B. This is close to the map we want to construct indicating whether M is inner-generated, but
no information about M is present in 7, so it should not be surprising that we have to modify it to get our
desired map. Observe that if we restrict 7 to words only supported on M and M contains a line of [n]P, say
in the ¢-th direction, then 7 is not injective because all the codewords from B; on that line are supported on
M and in the kernel of 7. However, for M to be inner-generated, we exactly want to allow words supported
on M generated by the sum of line-codewords. Formally, this is the set Rin® = D e £(M) By where L(M) is
the set of axis-parallel lines contained in M and, for an i-directional line £ € L(M), we let By be B; included
into K" by placing it on ¢ and padding with 0’s elsewhere. We can then consider the induced quotient
map

a2 G(M) == KM /R — Uppy,

where we are using KM as shorthand for words in K(” supported on M. Recalling that ker(7) = B, the
kernel of 7, is exactly

KMnker(r)  KMNB
Ry > eecon Be

ker(7ps) =

Therefore, when 7y is injective we get that (KM NB)/ (X v Be) = ker(mar) = 0, meaning that KMNB =
Do £(M) By, which is exactly the definition of M being inner-generated.

An instructive special case to consider is when M is e-closed but contains no full lines, a property that
we call e-sparse. Consequently, Ri#¢ = {0} and our goal becomes showing that the columns of G ®---®Gp
indexed by M, that is ®;¢[pygi(x;) for & € M, are linearly independent. However, when M does contain full
lines, we must handle the induced relations between them.

The local contributions of planes Instead of focusing on every single axis-parallel line in M individually,
we will bundle these into planes when possible. Formally, an I-plane at direction I C [D] anchored at a € [n]’ ‘

4While we will focus on the setting of K = R, these corestriction maps are well-defined over any field and, in particular, our
ultimate goal of K = [Fp,.



is defined as P = P(I,a) = {z € [n]P : Vj € I°,z; = a;}. We assign to it a local space Up = U = ®;¢/R".
For a plane Q = P(J,b) containing P, so J 2 I, we define the corestriction map

TpﬁQtUp—)UQ U u ®gj(aj),
JjeJN\I

with the tensor factors placed in the order of elements in [D]. In particular, we can always take Q = [n]?
and consider the global corestriction map 7p := 7p_,[,jp Which takes a local contribution from P and maps
it to U[n]D.

The e-closed set M can contain many planes—every [-plane in M is made up of n planes of di-
mension |I| — 1 also in M. We can simplify the structure of M by focusing on the mazimal (by in-
clusion) planes, denoted as (M), and the planes resulting from the intersection of maximal planes
PUM) = {NpesP: @ #SC P(M), NpesP #0}. A useful combinatorial consequence of this view-
point is that, for a fixed direction I C [D], the set of anchors Q;(M) C [n]’" of the maximal I-planes in
P (M) is e-sparse because M is e-closed. Indeed, if there were more than en anchors from Q7 (M) on a line
in some direction j ¢ I, then the e-closure of M would force there to be a larger (I U {j})-plane containing
the anchored planes, contradicting their maximality. If we introduce intersections of planes to consider the
I-planes in 2" (M), then the resulting anchor set Q7 (M) is (2P¢)-sparse via a similar argument. In either
case, we use the e-closure of M to obtain sparseness guarantees for its anchor sets.

In particular, this viewpoint is helpful in dealing with the injectivity of 75; because we can equivalently
describe its domain G(M) as the direct sum of all Up for P € £"(M) where every u € Up is identified with
its corestriction Tp_,q(u) € Ug whenever P C (). Conceptually, this says that a contribution from a smaller
plane contained in a larger one is equivalent to the same contribution from the larger one. This is shown
formally in Lemma 4.8.

Removing interactions between planes via atoms In this equivalent definition of G(M), we see that
a plane () contained in another plane P contributes to the local space Up by the image 7o p(Ug) C Up.
To tease apart how much of the local space Up is controlled solely by P, we define the atom Ap of P as

UgP: Z TQQP(UQ) and Ap:Ué‘PgUp.
Qe (M)
QeP
Importantly, since we repeat this procedure for every plane, the direct sum of all atoms @, 20 (M) Ap
spans G(M ), which we formally show in Lemma 4.14.

The main utility of this atom decomposition is that it makes clear the fact that non-intersecting planes
are the only obstructions to M being inner-generated. In particular, we observe that the atoms of two
distinct intersecting planes have orthogonal images in Up, formally proved in Lemma 6.6. To see why,
consider distinct intersecting planes P and @ with R = P N Q. For elements in their atoms ap € Ap and
ag € Ag, we can compute their inner product by using the adjoint of the corestriction map as

(Tpsmp (@) o mp (aQ)) = (Tho, plap), Th_ o (aQ))-

Say, without loss of generality, that R C P. Then, by the definition of atoms, T}; _,p(ap) = 0 making the
entire inner product zero. In the case that P and @) are not distinct, so P = (), it is not too hard to see that
we get an isometry (Tp_,p(ap), Tp_mr(ap)) = (ap,ap), as shown in Lemma 6.8.

The plane-interaction matrix We arrive at our main analytic tool, the plane-interaction matrix,
by pairwise comparing the corestriction maps of every plane in " (M). In particular, we define © :
Dreznry Ap = Up by ©((ap)p) = 3 p Tp—njp (ap). Using our two observations about the inner prod-
uct of intersecting planes above, we can decompose the Gram matrix of © as ©T@ = I + K where the block
matrix K is defined in its (P, Q)-th block by
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—
b = T;—}[H]DTQ‘)[”]D PnQ=2 (1) K /—L

9 0 PNQ+#o. : :

1 1

1 1

This matrix K is exactly our plane-interaction ' '

matrix and visualized in Figure 2. 'Q="P(Jb)
Technically, the domain of K is @p Ap, butex- ~ ( [~77777777777777 b : A

panding it to @ p Up is convenient for later calcula- U S S ;

tions and can only increase its operator norm, which 7{a { P=P{,a) | Kpo: :

we are trying to upper bound. From this construc- : ---------- :

tion, we get | K

1©((ap)p)II* = (1= Kl,,) Y larl®, I I

P : :

1 1

meaning that @70 is positive definite, and thus © : :

injective, if [[K||,, < 1. Finally, to conclude that 7p X X

is injective, meaning that M is inner-generated, we
recall that the direct sum of all atoms spans G(M).
With the observation that, after identifying v € Up
with 7pq(u) € Ug for P C @Q, the resulting © on
the quotient is equivalent to 757, we have that 7,4 is
injective if © is.

Consequently, our goal in the next couple steps is to bound the expected operator norm of K where
our randomness comes from the Rademacher generator matrices G1,...,Gp. We will eventually conclude
that E[||K]|,,] < Op,,(1) - vV2Pe, so taking e small enough with respect to the constants D and p can make
this expectation less than 1/2. Markov’s inequality then gives us that there must exist some real setting of
G1,...,Gp such that M is inner-generated for the resulting collection of codes.

Figure 2: the plane-interaction matrix. The lighter
gray box represents the directional block K7y, ;, while
the darker gray box is a plane block Kp o with planes
P ="P(I,a) and Q = P(J,b).

2.3 Bounding the norm of the plane-interaction matrix by the expected value
of Rademacher chaos polynomials

From the last step, we have reduced Lemma 2.1 to bounding E[|| K[|,,]. A tempting first attempt at bounding
[ K[|, is to use the convenient fact that it is defined via the blocks Kp g, so one could plausibly bound
[Kpqll,, for all pairs P,Q € &7 (M) and then use the triangle inequality to bound [K|[,, by their sum.
However, we would only be able to achieve a constant bound ||Kpg||,, = Op,p.(1) for each block while it is

possible to have |27 (M)| = Op ,(n”), meaning the triangle inequality would fail to provide the necessary
bound.

Directional block decomposition To overcome this barrier, for two directions I, J C [D], we chunk
together all blocks Kp g where P is an I-plane and () is a J-plane to form the directional block Ky ;. There
are at most 42 many of these blocks, so bounding || K7, Jllop Py & small enough constant and then using the
triangle inequality now succeeds.

Focusing on a single directional block K7 7, in Lemma 7.6 we again decompose it as the sum of matrices
as Kr1.j = gupcr K}’?J where F' = (I U J) , the coordinates that are fixed by an anchor in both I-planes

and J-planes. Notice that there are at most 2/F < 2P terms in this sum, so bounding each term by a
small enough constant and applying the triangle inequality is again a viable strategy. Using the product
structure of the tensor code and some elementary, but tedious, algebraic manipulations that we omit here,

11



in Lemma 7.8 we bound the operator norm of K}EJ by

HKIEJHOP < ® Gi ® Gj I}\1€a[>\< Hx, ®Dj Ly, )

€I\ J jeJI\I jeEE

op op op

where D; = G;»'—Gj — Idgn, the indexing set A has cardinality at most n” where v + |E| < D, the sets X, Y)
are subsets of [n]F, and IIx, and ty, are projection and inclusion (by 0’s).

The first two operator norms are easy to bound by D and p using standard techniques from Gaussian
matrices. The third factor is where we focus our attention on for the rest of this step and the next. The
two sets Xy,Y) are derived by taking an E-plane, indexed by A, from Qf (M) and Q7 (M), respectively.

Consequently, they are both (2P¢)-sparse in [n]¥. Taking Ty = Ix, (® Dj ) vy, , we will show, as stated

JEE
in Proposition 8.1, that

4\ 1 Z|
E T <2(- 2D 2
Tl | <2(5) Ve @
which we note can be made a small constant by taking € small enough.

Deriving the Rademacher chaos polynomials To focus on a single A € A, we fix a pair of 7-sparse
subsets X, Y C [n]¢, where n = 2P¢, and let T = Iy <®§:1 Dj> ty. We apply the trace-power method for

an integer m € N, that we will set later, to get ||T\|2;n < tr((TTT)™). Expanding out this trace yields the

expression

qg m
tr((T7T7)™) = Z H H Dj (@55 y2,5)Dj (Ye.5> Tev1,5), Tyl = 1.

T, Tm €X j=11t=1
Y150 Ym €Y

Recalling the definition of D;, we can write a single entry of D; as D;(a,b) = 1{a # b}k‘;1 Zf’zl U,@Jgg.
Plugging this in, as we do in Corollary 8.3 gives us

tr ((TTT)m) = Z Z H kj_2m H (I)j ($7 Y, Tj) 3 (3)

@1 @m €X ryelky])?™ \J=1
YiYm €Y 7 jefg]

where z = (z1,...,Zm), ¥y = (Y1, .., Ym), and we define the monomials of signs
m
D;(z,y,7j) = H (Ur(’g,)zt—umm .agy)%_l’yt)j .agét’yt’j .ag‘)%rmyj Uy #yp; and yy; # xt+1,j}) . 4)
t=1

This expression for the trace is a sum of homogeneous multivariate polynomials with the domain of each
variable being {—1, 1}, alternatively known as a Rademacher chaos.> Now, we finally leverage the unique
nature of Rademacher random variables to easily compute the expectation E,[®;(x,y,r;)] as 1 whenever
each sign appears an even number of times® or 0 otherwise, since just one random sign is enough to randomize
the entire monomial to zero mean.

Recall that our goal is to upper bound the expectation of Equation (3), so we would like to bound the
number of E, [®;(z,y, ;)] that are deterministically 1, which we do in the next step.

5The only slight deviation from the formal definition of a Rademacher chaos that we have here is the indicator functions in
each monomial, but we do not use any off-the-shelf results on Rademacher chaoses in which this would be an issue; in fact, we
significantly leverage them later on.

6While satisfying each indicator function 1{x¢ ; # yi,j and y¢ ; # Tq1,5}, which we will see is equivalent to the corresponding
bipartite walk being non-left-backtracking.
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2.4 Bounding the expected value of Rademacher chaos polynomials using weak
Wigner words

Sign monomials as bipartite walks As we’ve already ob-
served, our sign monomials ®;(x,y,r;) have mean 1 exactly
when each sign appears an even number of times in the prod-
uct of Equation (4). Thus, all we must do is count how many
choicesof x € X™, y € Y™, and r; € [k;]*™ for j € [q] there are
that yield a sign monomial with each sign appearing an even
number of times. A useful way to visualize this is by writing
out the relevant indices in the order they are read for a fixed
monomial ®;(x,y,r;) as

T1,5, V5,15 Y155 T5,25 L2455+ -+sYm,j> T5,2m> T1,5- (5)

Each sequential pair in this list defines one of the 4m signs
in Equation (4). Equivalently, we could view each %, ;, Ya,js
and r;, index as a vertex and this list as giving us a walk on
the resulting graph, as seen in Figure 3. Since the list from
Equation (5) always alternates between z, ; or y, ; and a 7 4,
it is in fact a walk on a bipartite graph: the bipartite graph
with [n] left vertices and [k;] right vertices where each edge
represents a single sign.

We now make three observations regarding this view of the
signs in ®;(x,y,r;) as a walk on a bipartite graph. First, it is
a closed walk by definition since x1; = #y1,5. Second, it is non-left backtracking, meaning that each step
along the walk must have different left neighbors when entering and exiting a right vertex. This is due to the
indicator variables in Equation (4). Third, each sign appears an even number of times if each edge used in
the walk is traversed an even number of times. Counting the number of such closed walks on this bipartite
graph thus gives us an upper bound on the number of sign monomials with expectation 1.

There are two pieces of information that define such a bipartite walk: its shape and the labels on its
vertices. For example, the shape of the bipartite walk, if it had length 8, could be tracing the bipartite clique
K o twice. The labeling of the walk determines where exactly we place this clique on the left [n] and right
[k;] vertices.

Our strategy for bounding the number of non-left-backtracking closed walks that traverse each edge an
even number of times then is to use the series of works [Wigh5; FK81; AZ06] to bound the number of shapes
such a walk could take and then to use the n-sparsity of X and Y to bound the number of labelings.

ym,j

Figure 3: The closed walk on the bipartite
graph for the sign monomial ®;(z,y,7;).
We omit the superscript (j) for legibility.

Bounding the number of shapes with weak Wigner words The walks on bipartite graphs that
we have described here, which can alternatively be described by a string as in Equation (5), are a special
case of weak Wigner words, which we treat formally in Section 8. Anderson and Zeitouni in [AZ06] give
a combinatorial bound on the number of shapes such a walk can take. More concretely, they bound the
number of equivalence classes of these bipartite walks, where two walks are equivalent if there is a bijection
between the strings representing the walks.

To apply their bound, we define wti(j) and wtg(j) to be the number of distinct left and right vertices in
the walk of ®;(x,y,r;), and wt(j) = wt.(j) + wtr(j). Since there are 4m edge traversals, and each edge is
used at least twice, we have that wt(j) < 2m+1. We define the deficiency of a walk to be A; = 2m+1—wt(j),
which represents how far the walk is from using as many vertices as it possibly could. If we let 20,,(A;) be
the set of equivalence classes of even, non-left-backtracking, closed bipartite walks that traverse 4m edges
with deficiency Aj, then the bound from [AZ06], that we state in a form useful to us in Corollary 8.26, says
that [20,,(A;)| < 16™(4m)%%. For example, in Figure 4 we explicitly write out all equivalence classes in
Wa(1).
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123414321 123412341 123214341 123242321 123212421

Figure 4: An example of the set of equivalence classes 2,,,—2(A = 1) with 8 edge traversals (i.e., word length
9) and 4 distinct vertices, giving deficiency A = 2m + 1 — wt(w) =4+ 1 —4 = 1. All walks start from node
1 and the numbered blue arrows dictate the direction that the walk takes. The label beneath each walk
is the string representing the walk on the vertices, formally the canonical representative of the equivalence
class that we define in Definition 8.16. These are different equivalence classes because there is no bijective
relabeling map from [4] — [4] that can take one of these strings to another.

All that remains now is to bound the number of ways we can label each shape using X and Y. That is,
the size of an individual equivalence class W € 20,,,(4;).

Using sparsity to bound label-
ings Fix deficiencies Ay,..., A, and
let Wy,..., W, be equivalence classes
of walks where W; € 20,,(4;). We
must bound how many choices of z €
X™m yeY™ and r; € [k;]*™ for j €
[q] there are that yield sign monomi-
als ®;(x,y,r;) with their correspond-
ing walks in each W;. See Figure 5
for explicit examples of elements in an
equivalence class of 25(1).

There are no restrictions on how
we can choose the right vertices
T1,...,Tq, SO we take the naive bound
of [T9_, k}"tR(j ). For the left vertices
in each walk, they must adhere to both
the shapes we have chosen and the 7-
sparsity of X and Y.

To see how the shape W; comes
into play, consider the example where

the path returns t'O its: first vertex af- Figure 5: An example of an equivalence class W of a walk on a
ter four steps, as in Figure 5. Conse- bipartite graph, which gives the shape of the walk, and elements

quently, when we give a label to the (1) apd () of the equivalence class, which are possible realizations
first vertex, we are also labeling the ¢ labelings.

fifth vertex in this walk.

For the general setting, we will consider choosing the vectors x1,y1, T2, Y2, ..., Tm,Ym in order. Due to
the shapes Wy, ..., W, being fixed, whenever we choose a new vector, it’s possible that some of its elements
have already been fixed by the choices of previous vectors. Say that there are f > 1 free (unfixed) coordinates
when we’re choosing a vector. Since all of these vectors must lie in either of the n-sparse sets X or Y, a
consequence of sparseness, shown in Fact 3.7, is that there are at most nn/ ways to choose a valid vector.

Now, take W = Z?:I wtL (7). Each vector can have at most ¢ unfixed coordinates, while at least W /q

w® ew w® ew
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of the vectors have an unfixed coordinate. Therefore, there are at most n"t 7Vt /¢ possible ways to choose
T1,Y1, 22, Y25 - -, T, Ym With z € X and y, € Y that respect the fixed shapes Wi, ..., W, of each closed

walk. Including our bound on the right vertices 71,...,7r,, we get that each choice of shapes (W;);e[q has
at most
q .
nWL,,]WL/q H k;VtR(J) (6)
j=1

possible labelings. This is the only part of our bound that uses the sparsity of X and Y.

Finally, to achieve the desired bound in Equation (2), all that is left to do is to combine Equation (6)
with the bound from [AZ06], sum over all possible deficiencies, and normalize for the expectation. After
much simplification, this yields

Eftr((TATy )™)] < 2fnty™ 1 (167p729)™,

as shown in Lemma 8.31. Then we can achieve Equation (2) by summing this bound over all n¥ choices of
A, taking the (2m)-th root, and setting the power in our trace-power argument to m = D logn.

3 Preliminaries

We introduce some basic definitions and facts that we will use throughout this work. In Section 3.1 we
present the central objects of planes, e-closed and e-sparse sets, and consequences of sparseness. Section 3.2
focuses on the notion of maximal planes that, as shown in Section 3.3, are sparsely distributed if they come
from an e-closed set. We then shift to tensor codes and their related notions in Section 3.4 before finishing
with some necessary facts about operator norms in Section 3.5.1.

3.1 Lines, planes, and sparseness

We begin by defining the central combinatorial objects that we will work on throughout this paper. Through-
out, we take integers D > 1 and n > 2, so that the direction and anchor of a plane are uniquely determined
by it as a subset of [n]”.

Definition 3.1 (Axis-parallel planes). For a set of free coordinates I C [D] and a € [n]!", we define the

azis-parallel plane at the anchor a as
P(I,a) = {z € [n]”:Vj €I z; =a,}.
So points have I = &, lines have |I| = 1, and the whole cube is given when I = [D].

It will be useful to focus on the specific setting of 1-dimensional planes, which we call axis-parallel lines.

Definition 3.2. For i € [D] let I = {i} and £;(n,D) = {P(I,a) : a € [n]"}. All axis-parallel lines are
denoted as L(n, D) = U;¢py Li(n, D).

Definition 3.3. Let L(M) = {¢ € L(n,D) : £ C M} denote the set of axis-parallel lines contained in a set
M C [n]P.

There are two notions of sparseness that we will focus on. The first is similar to a gap property and
requires that a subset of [n]” be either sparse along an axis-parallel line or completely contain it.

Definition 3.4 (s-closed). A set M C [n]? is e-closed if for all £ € L(n, D), we have that either ¢ C M or
[MNY) <en.

Our second definition of sparseness requires that no axis-parallel line is fully contained in our set.
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Definition 3.5 (e-sparse). We say that an e-closed set M is e-sparse if no axis-parallel line is contained in
M.

One immediate consequence of sparseness is a bound on the cardinality of M.

Lemma 3.6. For any e-sparse set M C [n]”, we can bound its cardinality as
|M| < enP.

Proof. Fix any direction ¢ € [D]. Then any axis-parallel line £ € £;(n, D) has |[M N{| < en. Since there are

nP~1 axis-parallel lines in the i-th direction, we get

Mi< Y Mg
LeLi(n,D)
< nP~t.en
= 5nD,
as claimed. O

We will also make use of the following fact about sparse sets.

Fact 3.7. For a constant € € (0,1) and an e-sparse set A C [n]P, if we fix I C [D] and a; € [n]?, then
{are € [0)I" :a = (a1, ar) € A}| < enlll,

Proof. For |I¢] — 1 of the free coordinates to assign in aje, give arbitrary assignments, of which there are
nT1=1 many. The last coordinate not assigned in I¢ then only has en many options by the e-sparseness of
A. Thus, there are at most n//I=1 . en = en’’l many assignments of ar. O

3.2 Maximal planes
We first define the set of all planes contained in M.
Definition 3.8. For a set M C [n]?, we define the set of all planes in M to be

PN (M) ={P(I,a) C M :1C[Dl],ac [n)"}.
In particular, we do allow I = &.

Throughout our work, we will be particularly focused on the maximal planes of M because they give a
natural way to decompose M into structured components.

Definition 3.9 (Maximal planes in M). For a set M C [n]P, we define the set &2(M) of mazimal planes of
M to contain P(I,a) for I C [D] and a € [n]" if

1. it is contained in M: P(I,a) C M
2. and there is no other P(J,b) such that P(I,a) C P(J,b) C M.
See Figure 6 for an example illustration.

As we will see later, these maximal planes interact at their intersections, so we will need to consider the
set of planes generated as intersections of maximal planes.

Definition 3.10. For a set M C [n]P, we define 227 (M) C 2*!(M) to be the closure by intersection of
P (M), not including empty intersections. Formally,

@“(M):{HP:Q#SQQ(M), ﬂP;é(Z)}.

Pcs PeS
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Py

Ps

Py

M=P,UP,UP;

Figure 6: In this example, M is composed of three planes M = P; U P, U P53, each of which is a maximal
plane. On the other hand, Py is a plane of M but not maximal because it’s contained in P;, and P isn’t a
plane of M because it’s not fully contained in M.

D

Using these definitions, we can show the simple fact that any M C [n]” can be covered by maximal

planes.
Lemma 3.11. For any M C [n]P, we have
M=) U Pla.
IC[D] aeQr (M)

Proof. Every maximal plane is contained in M, which gives the inclusion 2. Conversely, any x € M is itself
a zero-dimensional plane {x} = P(@,z) C M, so it belongs to some element of Z2!(M). Since 2 (M) is
a finite poset under inclusion, {z} is contained in a maximal one, which is by definition an element of &(M)
containing x. O

3.3 Anchor sets

Next, given a set of free coordinates I C [D], we can define the set of fixed coordinates that index all maximal
planes.

Definition 3.12 (Indexing set of maximal planes in direction I). For a set M C [n]P and free coordinates
I C [D], we define the set of anchors indexing the maximal planes as

Qi (M) ={a e n):P,a) e 2(M)}.

Now, we will show that M being e-closed makes ;(M) e-sparse.

Lemma 3.13. Let 0 < ¢ < 1 and let M C [n]? be e-closed. Then for any I C [D], the set Q;(M) C [n]"" is
e-sparse. Consequently,

Q7 (M)| < enP1I,

Proof. This proof is visually simple, and we recommend that the reader follow along in Figure 7. Suppose,
for the sake of contradiction, that there exist j € I and b € [n]'"\7} such that the line

ty={s € :s;€n, spog) =0}
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P(I, (b,1))

\// M

P(IU{j},0)~—L > R

j=2 benH

Q; (M), I={3}

Figure 7: Visualization of the proof of Lemma 3.13 for D = 3 with I = {3}, j = 2, and an M with lines
parallel to the third axis only.

in the j-th direction has [Q(M)N¥y| > en. For each t € [n] with (b,t) € Qr(M) N ¥4y, it must be that
P(I,(b,t)) € (M) where (b,t) € [n]"" is the element with the j-th coordinate as ¢ and the other coordinates
set as b.

Now, consider any u € [n]! (the empty tuple when I = @) and the j-parallel line

by={zcn)? z;=u, Ty =0, x; € [n]}.

By construction, for any ¢ € [n] with (b,t) € Qr(M)N¥y, we have that the point y = (yr = u, yre\ ;3 = b,y; =

t) € ¢, is contained in the maximal plane P(I, (b,t)). Because y € £, N P(I, (b,t)) and P(I,(b,t)) C M and

|2 (M) N &y| > en, we have that |£, N M| > en. Using the fact that M is e-closed, we get that ¢, C M.
Our choice of u € [n]! was arbitrary, so we can take their union to conclude that the plane

u€[n]!

is fully contained in M. However, we then get that P(I U {j},b) 2 P(I,(b,t)) for any t € [n] with (b,t) €
Q; (M) N £y, contradicting the fact that P(I, (b, t)) is maximal. Therefore, for all j € I¢ and b € [n]! \7},
the line ¢, has |Q2;(M) N¥4y| < en < n, meaning that Q7 (M) is e-sparse.

Finally, now that we have that Q;(M) is e-sparse in [n]!", by Lemma 3.6 we can bound its cardinality as
|Q7(M)| < enP~11 ] as claimed. O

We can get a similar result for the indexing set Q7 (M) = {a € [n]'" : P(I,a) € P"(M)} of 2"(M).
This is a loose bound and introduces a factor of 2, but since D is a constant, this is not an issue.

Corollary 3.14. Let M C [n]” be e-closed with 0 < 2P¢ < 1. Then for every I C [D], the set Q7 (M) C [n]"*
is (2P¢)-sparse.

Proof. Consider a direction j € I€ and an axis-parallel line £; in [n]’" in the j-th direction. For every anchor
a € 4;NQY (M), write P(I,a) as an intersection of maximal planes. At least one of these planes, say P(J,b),
must fix coordinate j, so I C J, j ¢ J, and b = aje. For a fixed such J, all coordinates of b except j are fixed
by ¢;. By Lemma 3.13, Q;(M) is e-sparse, meaning that there are at most en possible values of b; = a;.
There are at most 2 choices of .J, so a union bound gives at most 2Pen anchors in ¢; N QP (M). O
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3.4 Tensor codes and related notions

We now introduce the notions of inner-generated and extendable sets. In the next section, we will go over
some of these definitions again and see how they are naturally derived in a slightly different context, but we
introduce their standard definitions here as they show up in the literature. Throughout this section, we will let
K represent a generic field, possibly finite or infinite. Throughout, we identify a line £ = P({i},a) € L;(n, D)
with [n] via its i-th coordinate, so that the restriction x|, of a word is an element of K™ and can be tested
for membership in the component code C;.

Definition 3.15 (Codes along a line ¢). For ¢ € £;(n, D) and a code C; C K", define
Co=A{ce KM supp(c) C ¢, c|s € C;}.

Definition 3.16 (Check-product code). Given a collection of codes Cy, . ..,Cp, the dual of their tensor code
is the check-product code C- B ---BCh = (G ® -+~ @ Cp)™.

An easy way of seeing the relation between the check-product code and the tensor product code is to
defineCD =K"® - ¢ ®--- K" C K" which allows us to write

D D
®c:= e
7,;1 zzl
FHei=> c®.
i=1 i=1

Instead of considering the entire tensor code at once, we can also consider words that satisfy local checks
contained in a set of coordinates.

Definition 3.17 (Words accepted by checks in M). For a subset of coordinates M C [n]P of a tensor code
C:(31®~-~®CD, let

Fe(M)={x KM .vic D], V€ Li(n,D), L C M = z|, €C;}

be the set of words that satisfy the local checks of the corresponding component code for each axis-parallel
line contained in M.

Definition 3.18 (Extendability). We say that M is extendable in C if the restriction map
TM - C— f(M)
is surjective. That is, each local codeword in F(M) can be extended to a global codeword of C.

Definition 3.19 (Inner-generated sets for the check-product code). A set M C [n]P is inner-generated for
a code C; B ---HCp if for each codeword ¢ € C; B --- B Cp with supp(c) € M we have ¢ € deﬁ(M) Cy,
where £(M) is the set of axis-parallel lines contained in M.

We can now define the central notion of expansion used in this paper. For a word a € KM we write |al
for its Hamming weight, and for a direction ¢ € [D] we write

lal; = {£ € Li(n, D) : al¢ # 0}|
for the number of i-parallel lines on which a does not vanish.

Definition 3.20 (Product expansion). A tuple of codes (C;);c[p is v-product expanding if every x € EELD:1 C;
admits a decomposition = = Eizl a; with a; € " such that

D
Vnz la;|; < lz|.
i=1
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It is two-sided v-product expanding if both (C;);e[p) and (C;-);e|p) are v-product expanding, where duals are

taken with respect to the standard coordinate pairing on K.
Finally, for a prime p we write Gryt(n,k) for the Grassmannian of k-dimensional subspaces of F7:.
Sampling a random code of dimension k always means sampling uniformly from Gry(n, k).
3.5 Miscellanea
3.5.1 Linear algebra facts

We record some useful linear algebra facts that we will use at various points later on in this work. Here all
spaces are finite-dimensional real or complex Hilbert spaces, and we use the Euclidean operator norm.

Fact 3.21 (Equation (2.79) and Exercise 2.3.16 of [Tao12]). For a linear map T and integer p > 1,
2p +
ITllcp < tr((TTT)?).

Fact 3.22 (Equation (1.175) of [Wat18]). For two compatible linear maps A, B, we have that the operator
norm is submultiplicative

1AB]lop < 1 4llop 1Bl - Q
Fact 3.23 (Equation (2.2.10) of [Trol5] or Problem 6(b) of [JH91b]). For a family of linear maps (4s)ses,

P A.

ses

= max | As ||Op .

op

Fact 3.24 (Theorem 4.2.15 and Problem 27 of [JH91a]). For a family of linear maps (A4;)ses,

®As = H HAs”op-

ses seS

op

3.5.2 A useful estimate on the distribution of primes

Here we record a consequence of Chebyshev’s estimates that bounds the value of a prime not dividing a
given integer. We begin by recalling Chebyshev’s estimate.

Theorem 3.25 (Corollary 2.6 of [MV06]). For any « > 2, the first Chebyshev function ¥(z) := > p,<z logp
p prime
is bounded as ¥(z) = O(x).
We now derive our required corollary.

Corollary 3.26. There exists a universal constant C' such that for all ¢ > 2 and every m € N, there exists
a prime p not dividing m such that

q <p < C(q+log(2m)).
Proof. By Theorem 3.25, there exist universal constants 0 < A < B such that for all x > 2 we have

Az < 9(x) < Bzx. (8)
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Let ¢ = log(2m) and s = ZF(q + ¢). Now, for the sake of contradiction, assume that all primes p € (g, s

divide m. These primes are of course distinct, so [],e(q,s) p must divide m. Consequently,
p prime

9(s) = 9(q) = > logp— >  logp

p<s P<q
p prime p prime

=log [] »

q<p<s
p prime

< logm. 9)
However, from Equation (8) we obtain

¥(s) —¥(q) = As — Bq
=(B+1)(¢+{) —Bq
=q+(B+1)¢
> logm,

which contradicts Equation (9). Therefore, there must exist some prime p € (g, s] not dividing m such that

B+1
g<p<s= T(q+log(2m)),

as claimed. O

4 (Co)Restriction Maps and Atoms

In this section, we will give intuition for the duality between the properties of extendability and inner-
generatedness. We will detail how exactly the tensor product code and check-product codes are dual to
each other along with how surjectivity of the restriction map of the tensor code, which is the condition for
extendability, is equivalent to injectivity of the corestriction map for the check-product code, which is the
condition for inner-generatedness. Since many of these definitions can be defined over any arbitrary field,
and we will use them over both finite fields and the reals, we will use the generic field K, which may be finite
or infinite, unless we specify otherwise.

In Section 4.1 we introduce the restriction map on tensor codes to subsets of coordinates and its relation
to extendability, and in Section 4.2 we define the dual notion of the corestriction map on the check-product
code and its relation to inner-generatedness.” We combine these notions in Section 4.3 to show precisely how
they are related and give an explicit formula for the corestriction maps. Finally, in Section 4.4 we present
the notion of the atom decomposition of the check-product code.

4.1 The tensor code, restrictions, and extendability

We begin by choosing generator matrices

| | |
Gi= 9i(|1) 9i(|2) gz(|n) € KFxm,

for codes
Ci,...,Cp CK"

7The reader familiar with tensor codes may skip these two sections.
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Ps | Restriction maps
Py
P, Cp Cp, Cpy
A 2 Aol
v&\l Z\QV 3& fQ
v %
RS RN
Py
Cp, Cps
Py=P NP, Ps=P,NP;

M=PUP,UP;

Figure 8: Example of planes in M = P; U P, U P3 and part of the diagram that is ultimately being used for
the limit over the Cp’s.

such that C; = Im(G;" ) and dimC; = k;. Their tensor code is denoted as C =C; ® --- ® Cp C Kn”
For P = P(I,a) € 2 (M), define

cr=Cr=Q)CC K

iel
If I = @, then we define C; = K. Between these vector spaces, we can define restriction maps.

Definition 4.1 (Restriction maps). For any P,Q € 2*(M) such that P = P(I,a) € Q = P(J,b), so
I C J C [D], define the restriction map

TQop = ® evy, | ® <® ida-) ,

VIsOAVS i€l

where tensor factors are placed in increasing coordinate order and ev,; is the evaluation map at coordinate
a;. Equivalently, we can define the restriction map on pure tensors ¢ = Q) iy Cj as

Tgr : F(Q) = F(P)
¢ H cj(ay) <®Ci> )
jeq\I icl
and extend linearly to the whole space.
In particular, one can check that for planes P C (Q C R, we have
TR—P = TQ—P O TR-Q-

See Figure 8 for an example. Therefore, because Lemma 3.11 shows that M is covered by its maximal
planes, we have that for any M C [n]” we can order 2*!(M) by inclusion and define the local sections on
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M as limits:®
F(M)= lim Cp
Pe@N (M)

= {(Cp)pegm(M) ccp €Cp, s.t. forall P C Q, FQHP(CQ) = CP}

~{zecKM:.Vie[D], Ve Lin,D), L C M= z|, €C;}.
The last line is an isomorphism rather than an equality because a compatible family is indexed by planes and
not by the points of M. It is a bijection because M is covered by its maximal planes by Lemma 3.11 (some
of which may be zero-dimensional), and any two planes of &"(M) agree on their intersection whenever it
is nonempty, since that intersection again lies in £7(M). So a compatible family glues to a single word
x € KM and conversely every such x restricts to a compatible family. Since every line contained in M lies in

a maximal plane, the constraints on z are exactly the local checks of Definition 3.17, and taking M = [n]”
gives C = F([n]P). Finally, to interpret extendability in this context, we consider the global restriction map

v C— F(M).

Fact 4.2. A set M C [n]P is extendable if and only if 75 is surjective.
Proof. The condition that a codeword cp; € F(M) can extend to a global word ¢ € C such that ¢|y = ¢y
is exactly the condition that my/ is surjective, which allows us to “lift” cps to ¢ (possibly non-uniquely). O

4.2 The check-product code, corestrictions, and inner-generatedness
In this subsection, we will essentially take the dual of the previous subsection and derive the corresponding
notions. Let B; = Ci for i € [D], and define
B=B,@-- -8By CK"",
Similarly, for P = P(I,a) € 22Y(M), let
Bp =Br =B c k"',
i€l

For a point P we have I = &, and we take the empty check-product to be By = 0, matching the empty tensor
product Cy = K. As we saw in Definition 3.16, C*+ = B, and similarly for any plane P = P(I,a) € 2 (M),

it is easy to verify that
1
Ch = <® ci>

iel
= EH ct
icl
=HH 5
i€l
= Bp.

8We will not use (co)limits outside of this section and they do not play a central role in the rest of this paper, so we do not
define them formally and instead simply expand out their definitions in this context.
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Ps | Corestriction maps
Py
* * *
P, Py Py Ps
2 Q 2 q”
N N oL
R o
ey 3 <
Py
* *
Py Ps
P,=P,NP, Ps=PNPk

M=PUP,UP;

Figure 9: Example of planes in M = P; U P, U P3 and part of the diagram that is ultimately being used for
the colimit over the Cp’s.

Therefore, to dualize the construction of tensor codes above, we assign to each P € 2!(M) the space
g(P)=F(P)
=C5
= HOHIK (Cp, K)
= K" /Cp
=K"/Bp.

Between these local spaces, we can define the dual of the restriction map, the corestriction map.

Definition 4.3 (Corestriction map). For P,Q € 2 (M) with P C @, restriction goes from @ to P, so its
dual goes from P to Q. We define the corestriction map

TP_)QZTFEB_,P:CTJ—)05
P> pomQp-

Now, it is clear that for planes P C Q C R, their corestriction maps are compatible via
TP-R = TQ—-ROTP=Q

exactly because Tr_,p = Tg_p © Tr—q. See Figure 9 for an example. Therefore, for any M C [n]P we can
define

Pe?™ (M)

= li Ck 10
pEim, G (10)

~ colim KF/Bp
PeZn (M)

KM
ZeeL(M) B’

Il
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where we are including each B, into K™ by extending by 0’s outside of the line ¢. For the whole space, this

n D
gives G([n]P) = %. We also get the global corestriction map

KM K"
i~ —
ZzeL(M) B, B

We now show that the kernel of 7 is exactly the obstruction to M being inner-generated.

a2 G(M) =G(In]").

Fact 4.4. A set M C [n]P is inner-generated in B iff 75/ is injective iff ker(ps) = 0.
Proof. To be explicit, we define the inclusion ¢y : KM — KM that extends an element of KM by 0’s to a
n D
full element of KI"”. Thus, an element [z] € #M)Be is in ker(7ar) iff [1ar(2)] =0 € %» meaning that
LeL(M
tar(2) € B. Equivalently, this means that we need z € KM N B, so
KM N B
ZZEL(M) By’

o~

ker(7ar)

where we are implicitly applying ¢p; to KM . The definition of M being inner-generated from Definition 3.19
is exactly when KM N B = 37, » () Be, which is exactly ker(ar) = 0, as claimed. 0O

4.3 Putting it all together
Using the fact that a linear map is injective if and only if its dual is surjective, we get the following lemma.
Lemma 4.5. For any set M C [n]P, the following are equivalent:

1. M isextendableinC=C; ® ---®Cp,

2. M is inner-generated in B=B; B ---HBp,

3. mys is surjective, and

4. T is injective.

Proof. We just use Facts 4.2 and 4.4 together with the fact that a linear map is injective if and only if its
dual is surjective. O

In the rest of this paper, our goal will be to show that 7, is injective with high probability for a selection
of random linear codes. In this vein, we show how the injectivity of 7a; depends on the generator matrices

(Gi)ie[D]~

Definition 4.6 (Dual message space). For ¢ € [D], let U; be a k;-dimensional vector space over K. This
is the dual message space of C; since we can consider C; = U} by taking the columns g¢;(1),...,g;(n) of the
generator matrix G; and writing down a message p; € U as the codeword

¢ = (0i(g:(1)), i(9:(2)), ., alga(n))) € € S K.

For any plane P = P(I,a), define

Up=Ur=QU.
i€l
We take Uy = K for a point.
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By definition of the U;’s, we have that for a plane P = P(I,a),

Cp = <®Ci>*

el
=~ c;
i€l
=~ Q) U;
i€l
=U; =Up.

Thus, we can make the computation of 7p_,g explicit.

Fact 4.7. For planes P = P(I,a) C Q = P(J,b) with I C J

TP*)Q:TFZ?*}PZU[%UJ

U u® ®gj(aj) , (11)

jeINT

where we order the tensor products by the ordering of [D].
From this, we can derive a nice structural result on G(M).

Lemma 4.8. We have that G(M) = Un /Ry where Unr = @ pe zon(ar) Up and

Ry = span{ep(u) — eq(tpoq(u)) : P,Q € (M), PCQ, ue Up}
where ep : Up — Uy, is the natural inclusion into the direct sum of vector spaces and eg is analogous.

Proof. We start from Equation (10) and use the definition of a colimit to compute

M) = li r
GO et O

= colim Up
Pe»" (M)

= Unm/Ru,
where the last step is just the definition of the colimit on vector spaces. O

Later on we will need to treat the entries of the generator matrices as free parameters and allow arbi-
trary matrices G;, including ones of deficient row rank that do not generate a k;-dimensional code. Since
Equation (11) only inserts columns of the G;, it continues to make sense in this generality.

Definition 4.9 (Polynomially parametrized insertion maps). Let X = (qufj)')ie[D],re[ki],jE[n] be independent
indeterminates, let X; be the k; x n matrix over Z[X| with entries X 7(,2), and write x;(j) for its j-th column.
We take U; = Z[X]" and Up = U; = @,; Ui for a plane P = P(I,a), with Uy = Z[X] for a point. For
planes P = P(I,a) C Q = P(J,b), the corestriction map 71%‘_@ is a Z[X]-linear map Up — Ug defined by
the same formula as in Equation (11) but using X; in place of G;.

A specialization of these maps substitutes matrices G; € K* X" over a field K for the X;, and recovers
the corestriction maps of Equation (11) for those G;.

No rank requirement is involved here, and compatibility is immediate from the formula: for P C @ C R,
both Té‘_m o Tg‘_@ and 7, insert the columns x,,(a,,) for the coordinates m freed between P and R,
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since the anchors of P C @) agree on the coordinates that ) fixes. This is a polynomial identity, so it survives
every specialization.

Taking these maps with the indeterminates X over all planes of M gives the diagram we will actually
compute with later on.

Definition 4.10. For M C [n]P, keep Uy = @® pewn(ar) Up from Lemma 4.8 and set

gr= @ Ur

P,QeZ" (M)
PCQ

and let epg : Up = &y and ep : Up — Ujs denote the inclusions of the corresponding summands. The
maps

a]\X4:5M—>UM ﬁﬁZUM%U[D]
ep,q(u) = ep(u) — e(T7,o(u)) (wp)p= Y, T o (up), (12)
Pe 2N (M)

are defined on generators and extend linearly. Compatibility gives ﬁﬁ ) a]\X4 =0, so 51\)/(1 descends to the
quotient map

—X

By Coker ady — Uipi-

The P = @ terms in the spanning set of Rj; contribute ep(u) — ep(u) = 0, so Imap; = Ryps. Hence
whenever every G; has full row rank, Lemma 4.8 gives Coker oy = G(M) and 3,; = 7as. For arbitrary G
there is no such interpretation in terms of codes, but the diagram and its cokernel are still well defined.

The specializations of this diagram that we will need are the ones witnessing injectivity over R.

Definition 4.11 (Real sign witness). Fix M C [n]” and dimensions (k;);c[p]. A real sign witness is a tuple
of sign matrices o = (a(i))iE[D] with ¢ € {—1,1}%*" at whose specialization over K = R the map BA)Z of
Definition 4.10 is injective. We emphasize that the o(*) are not required to have full row rank.

4.4 Atom decomposition

Using these definitions so far, we give an even more precise decomposition of G(M) into what we call “atoms”.
For the remainder of this section, we will take our base field K = R and assign the standard inner product
to all U;.

Definition 4.12. For P € &"(M), define the vector space

Ucp = Z Tpr—p(Upr) C Up.
P'e?™ (M)
P'CP
The atom Ap of P is then defined as the orthogonal complement
AP - Ué_P g UP7
which is naturally isomorphic to the quotient

Ap = UP/UgP~

Unlike in Lemma 4.8 where we describe G(M) exactly as the quotient of a direct sum, the direct sum of
these atoms covers G(M); that is, there is a natural surjection from this direct sum onto G(M).
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Definition 4.13. For a plane P € #"(M), letep : Up — (@P,e@m(M) Up/) /R be the natural inclusion
ep composed with quotienting by Rj;.

Lemma 4.14. Let M C [n]”. Then the natural map

v: P Ap—G(M)

Pe® (M)

(ap)peznar) = Z ep(ap)
Pe" (M)

is always surjective.

Proof. If M = @, then ¥ : 0 — 0 is surjective, so assume M # &. Point planes are also included: for
P = {z}, we have Up = R and Ucp = 0, so Ap = R. Ordering #"(M) by inclusion gives a finite poset,
so we can find a labeling 2" (M) = {P,..., Ps} such that P, C P, implies a < b. Define the subset

=

Pi(M) ={P1,..., P} and the colimit of the subdiagram using these planes

Gi(M)= colim Up,
Pe;(M)

s0 Gs(M) = G(M). We will now induct on i € [s] by showing that, at each step,

\Ifi : @APJ — QZ(M)

j=1
(a;)jery = Y25 ()
j=1

is surjective, where Eg) : Up; — Gi(M) denotes the canonical map from Up, into the partial colimit. By

definition, Ap, = Uépi, so over R we have
Upi :ngi@Api. (13)
For the base case of ¢ = 1, there are no proper subplanes of P, by our labeling, so Ucp, =0 C Up, and

gl(M) = UPl
=Ucp, ® Ap,

as required.
For i > 1, our inductive hypothesis is that ¥;_; is surjective. Let n; : G;—1(M) — G;(M) be the canonical
map induced by the inclusion of diagrams &;_1(M) C Z;(M). For every j < i, the canonical maps satisfy

_(i _(i—1
e;]? =1 oeggj ).

Therefore, by our inductive hypothesis,

i—1 i—1
D e (WUn) =m | eV (Ur)
j=1

j=1

C ni(Im(¥;-1))
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Now it remains to analyze the image of Up, in G;(M). We first show that the image of Ucp, in G;(M) is
contained in Im(¥;). Take any u € Ucp,. By the definition of Ucp,, we can write

u= Y Tpp(up)
P'e?™(M)
P'CP;

for some vectors up: € Ups. In the colimit G;(M), the colimit relations (from Rjs) give

e (Tp o, (upr)) = Ep) (upr).

Therefore, using Equation (14) we get

ew =Y e(up)
P'c™ (M)
P'CP;

S Im(\I/l),

showing that EED?(U cp,) € im(¥;). The surjectivity of ¥; now follows from Equation (13) and the fact that,

by definition, Egi) (Ap,) C Im(¥;). Finally, taking ¢ = s gives us that ¥ is surjective. This proof uses only
the insertion maps and colimit relations, so it also applies to the formal cokernel of Definition 4.10 after any
real specialization.

O

5 Two-Sided Product Expansion Over Random Codes

In this section, we prove our main result in Theorem 5.1 by reducing it to a single statement: that over one
prime field, the corestriction maps of a random tuple of codes and of its dual are simultaneously injective
for every e-closed set. That statement is Theorem 6.1, which we prove in the next section.

Before stating the theorem, we fix the parameters at which the real input will be applied. Let 0 < p < 1/2,

and define C, = 3 (1+ p~'/2) and Ap , = 2(4C,)P (1 + 4/p)” so that we can set

1 i} 192D\ ** _
eo(D,p) = LIS Ta Np.= {max {16 ( - ) ,(2P¢) 2}—‘ ) (15)
P

We will see later in Section 6 that these parameters are sufficient to guarantee the existence of a real witness
for every e-closed set, which is the key to proving injectivity of the corestriction maps.
With the parameters fixed, our main result follows.

Theorem 5.1. Let D > 1,1let 0 < p < 1/2, let 0 < € < go(D, p), let n > Np ., and let ki,...,kp be
integers with pn < k; < (1 — p)n. Then there is a prime

p=0p (2”DnD logn)
such that independent uniformly random codes C; € Grp(n,k;) are two-sided 7(e, D)-product expanding
with probability at least
1 el
l—— where v, D)= ———.
log(n + 1) D (2P +1)”

The one ingredient we need besides Theorem 6.1 is the implication from inner-generatedness to product
expansion, which we take from [KP25].
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Lemma 5.2 (Lemma 19 of [KP25]). Let Cq,...,Cp € K" be codes over any field, and let 0 < e < 1. If
every e-closed subset of [n]? is inner-generated in FH, C;, then (Ci)ierp) is v(g, D)-product expanding.

Although [KP25] works in characteristic two throughout, the proof of their Lemma 19 never uses the
characteristic of the base field and immediately generalizes to any finite field.

Proof of Theorem 5.1. Let p be the prime given by Theorem 6.1 and apply that theorem with ¢t = 1. Then
with probability at least 1 — 1/log(n + 1), every e-closed set M has injective corestriction maps for both
(Ci)ierp) and (C; )ie[p)-

Conditioned on this event, Fact 4.4 to (C;);e[p), whose dual codes are the Ci+, makes every e-closed set
inner-generated in 4, Ci. Applying the same fact to (Ci )ic|p] Mmakes every e-closed set inner-generated in
HH, Ci. So Lemma 5.2 applies to each of the two tuples in turn and gives y(e, D)-product expansion of both,
which is exactly two-sided expansion. O

6 Injectivity of the Corestriction Map Via the Plane-Interaction
Matrix

As we saw in the previous section, our remaining goal is to show the simultaneous injectivity of 7); over
a single prime field for all e-closed sets M and both (C;);e(p) and (Ci);ep)- In particular, we show the
following.

Theorem 6.1. Let D > 1, 0 < p < 1/2, 0 < e < go(D,p), and n > Np, _, with the parameters from
Equation (15), and let kq,...,kp be integers with pn < k; < (1 — p)n. Write k;L =k; and k; =n —k; for
the dimensions of (C;);e[p) and (Cf)ie[ pJ respectively. Then there is a prime

p=0p (2”DnD logn)

such that the following holds: for every integer ¢t > 1, if C; ~ Grpt(n, k;) independently for i € [D], then,
with probability at least
- pl—t
log(n+1)’

the corestriction map 7y is injective for every e-closed set M C [n]P

(Cz‘L)ie[D]-

Recall from Definition 4.11 that a witness is not required to have full row rank. Our analysis of the
plane-interaction matriz over the reals is what we use to show the existence of such witnesses. The rest of
our argument involves going back to a finite field from the reals, which we give at the end of this section.
We begin by defining the random model over the reals that we will use.

, simultaneously for (C;);c;p) and

Setup Our random model over R samples matrices with independent Rademacher entries and then nor-
malizes the columns to have norm one.

Definition 6.2 (Random model). For fixed integers 1 < k; < n for i € [D], take G; € R¥*" to have
columns (g;(j))jem) € R¥ where

. —1/2 7 7 7 X
9i() = k; (0 o8, o)) e RM

and each 0’ ~ {—1,1} is sampled identically and independently. By construction, ||g;(j)|| = 1. The
row-space code C; has dimension rank G;, which may be smaller than k;.
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We set the formal variables X of Definition 4.10 to G = (Gy)e[p), keeping U; = R¥ and Uy = R
regardless of the ranks of the matrices. For the real argument up to Section 6.4, we use the notation

G(M) := Coker a§, ™ = Bz :G(M) — Uppy-

These agree with the cosheaf and corestriction map of the row-space codes when every G; has full row
rank. We do not condition the signs on this event. The atoms are defined from these insertion maps as in
Definition 4.12.

With this setup, our first ingredient is the following bound on the probability that 7, is injective over
the reals.

Lemma 6.3. For constants D € N, p € (0,1), and € € (0,277), let

192D\ **
nzND)E::maX{lﬁ(g ) ,(2%)‘2}.

e

Fix an e-closed set M C [n]P, and let pn < k; < n for every i € [D]. Then
Pr[ras injective] > 1 —Cp , e,
o

where

4 D
Cp.pe=2 (4CP)D <1 4 p> 9D¢ and C,:=3 (1 +p—1/2) .

For the parameters in Equation (15), this lower bound is at least 1/2.

Our second ingredient transfers this result over the reals to a finite field. We first state the transfer for
a single fixed set M, where the resulting prime is allowed to depend on M. Then, the proof of Theorem 6.1
at the end of this section upgrades it to one prime for every e-closed set and both (C;);e(p; and (C;*);e(p)

simultaneously.

Lemma 6.4. Fix constants D € N and ¢, p € (0,1), let k; > pn for every i € [D], and let §) # M C [n]P be
e-closed. Suppose that there is a real sign witness for (M, (k;);e[p)). Then, for all sufficiently large n, there
is a prime

p=0Op.(n"logn)
such that, for independent uniformly random k;-dimensional codes C; C Fy,

2

Pr[ras is injective] > 1 — Tog(n £ 1)

To obtain the real sign witnesses for Theorem 6.1, we introduce the plane-interaction matrix K which
will be the main tool we use to prove the injectivity of 7p; over R. In particular, the construction of the
plane-interaction matrix will allow us to make explicit the obstructions to the injectivity of 7.

In Section 6.1 we observe how the corestriction maps of intersecting planes interact to motivate our
derivation of the definition of the plane-interaction matrix over R in Section 6.2. Then, in Section 6.3, we
prove Lemma 6.3 by showing that if the operator norm of K is less than one, then 7, is injective. Finally,
in Section 6.4 we prove the fixed-set transfer in Lemma 6.4 and the simultaneous statement in Theorem 6.1.

6.1 Interactions between the corestriction maps of planes

We begin by analyzing the interactions between different planes under our random Rademacher model to
motivate the definition of the plane-interaction matrix. We first make a quick notational definition for
succinctness.
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Definition 6.5. For a plane P € 2" (M), we write its global corestriction map Tpomp  Up = Uppy as
simply 7p.

Now we show that the inner product of the global corestriction maps of incident planes vanishes when
restricted to atoms.

Lemma 6.6. For distinct intersecting P,Q € 2" (M), we have that for all z € Ap and y € Ag:
(tpx, TQY) = 0.

The main technical tool required for this is the fact that we can work with the inner product of the
adjoint of the corestriction maps instead of the corestriction maps themselves.

Lemma 6.7. For two intersecting planes P = P(I,a),Q = P(J,b) € 2" (M), let K = I NJ and define the
plane at their intersection R = P (K, ¢) where

a; =b; iG(IUJ)C
ci=1<a; ieJ\I
b; ZEI\J

Then we have that for all z € Up and y € Ug
(TP, 7QY) = (YP—RT, YQ—RY)

where vp_, g and v, g are the adjoints of TR, p and Tr_,q, respectively, given on pure tensors by’

’)/P%R:T]T{HP:UP_)UR 'YQ%R:T]T{HQ:UQ_)UR
v | T @igilen)) | Q) ax y= | I wingie)) | @ us-
€I\ J keK jeJI\I keK
We now prove Lemma 6.6.

Proof of Lemma 6.6. Let R = PN Q = P(I N J,c), using the same notation as in Lemma 6.7. Using the
assumption on P and @ that they have non-empty intersection, at least one of R C P or R C ) must hold.

Case R C P: In this case, by Definition 4.12 we have that 7r_,p(Ug) C Ucp. Since Ap = Uép, we have
that for any z € Ap and z € Ug
0= <5L‘, TR—)PZ>
= <7P—>Rx7 Z>a
by the definition of adjoints. However, since this holds for any z € Ug, it must be that yp_,gx = 0.

Consequently, using Lemma 6.7 we get

(TP, 7QY) = (YP>RT, YQ—RY)
= <07 ’YQ%Ry>
— O,

as claimed.

9We use the standard Euclidean inner products on the real spaces Up, Uqg, and Ug.
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Case R C ): Symmetrically in this case we can derive that yg_,ry =0, so

<TPIaTQy> = <7P—>Rx77Q—>Ry>
= (yp=rz,0)

as required. O

On the other hand, if instead of distinct planes P and @ we have that P = @, then the corestriction map
is an isometry when restricted to atoms.

Lemma 6.8. If instead P = @, then for all z,y € Ap we have that
(TP, TPY) U = (T, Y)Up-
Proof. We directly apply Lemma 6.7 to compute
(TPT, TPY)U L = (YP—PT, VP PY)U»

= <LL’, y>UP'

We end by providing the proof of Lemma 6.7.

Proof of Lemma 6.7. To examine the result of the desired inner product (7pz, 7qy), we begin by taking pure
tensors

x:®$i€UP:U1 y:®ijUQ:UJ
el jeJ

and analyzing T7pz and 7gy. Recalling Equation (11), we get that
TPT =1 ® (@%(%)) Tou=y® | ) g;(b))
iele jeJe
This allows us to compute their inner product explicitly as

(Tpx, TqQY) = <$® <®9i(ai)> ye | ) g;b)) >

i€le jege

H<$k7yk>> H (i, 9i(ci)) H (95(c;),y5) H (9i(ci), gi(ci))

i€I\J JEJ\I i€(IUJ)°

I (@i gi(c)) 1T (9i(c))sv5) I llgieol?

< -rkvyk>>
keK ieI\J JEJ\I i€(IUJ)°

H<$k7yk>> I (@i gile)) 1T (9i(c))sv5) (16)

iel\J jeq\I

IT @igite)) | Q ans | T] (Wi gi(es)) ®yk>

i€I\J kEK JeINI keK

= (YP—RT,Y7Q—RY) (17)

where to get Equation (16) we used the fact that the columns are normalized as ||g;(¢;)|| = 1. Moreover, we
have that Equation (17) holds for any = € Up and y € Ug because pure tensors span Up and Uyg. O
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6.2 Constructing the plane-interaction matrix

With these observations of the interactions between the corestriction maps of intersecting planes, we move
on to defining the plane-interaction matrix K. We begin by introducing some useful notation.

Definition 6.9. Recall that for P € 2" (M) we have Ap := Ué-P C Up, and let IIp : Up — Ap be the
orthogonal projection map. Define .

U=Uy = @ Up
)

Pe@ (M
A= P Ar
Pe @ (M)
My = @ p: U — A.
Pe 2N (M)

We drop the subscript M when it is clear from context.
Next, we examine all interactions between the corestriction maps.

Definition 6.10. For P € &7 (M), define the map 6p := 7p|a, : Ap — Uppj and the global operator
©0:A— U[D]

(ap)pegam(M) — Z opap.
Pe?" (M)

Moreover, we define its Gram operator
T:=0'0: 4 A

We can immediately observe that for P,Q € &"(M), the (P, Q)-th block of T is Tp o = GLHQ tAg —

Ap. Consequently, Ypp = 9}919 = Id4, by Lemma 6.8 and Ypg = 0 when P # @, and PN Q # & by
Lemma 6.6. Since the diagonal of Y is only the identity, only the off-diagonal blocks are interesting. This
motivates the following definition.

Definition 6.11 (Plane-interaction matrix). Let H := YT —Id4 : A — A, so by Lemma 6.6 and Lemma 6.8
for P,Q € 2" (M) we have

g o PNQ+#o
P27 V0L, PNnQ=2o.

Similarly, on the entire space U 2O A, we will define the plane-interaction matrix K : U — U via blocks as

0 PNQ#o
Kpo= i PNQR=9
P'Q =<

6.3 Injectivity of 73, over the reals

In this subsection, we will prove that 7a; is injective with probability at least 1 — Cp ,. under our real
Rademacher model.

Lemma 6.3. For constants D € N, p € (0,1), and ¢ € (0,277), let

192D\ **
n > Np,. := max {16 () ,(2D5)—2} )
e
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Fix an e-closed set M C [n]P, and let pn < k; < n for every i € [D]. Then
Pr{ras injective] > 1 —Cp .,

where
A\ P
CD,p,s =2 (4Cp)D <]. —+ p> 2D€ and Cp =3 (]_ + p*1/2> .

This follows from two facts. First, that if K has operator norm less than one, then 7, is injective.
Lemma 6.12. If || K|, <1, then 7j is injective.

Second, that the operator norm of K is less than one with probability at least 1 — Cp ,.. Proving this
theorem is the main focus of Section 7.

Theorem 6.13. For constants D € N, p € (0,1), and ¢ € (0,277), let

192D\ **
n > Np. := max {16 (> ,(2D5)—2} )
e

Fix an e-closed set M C [n]P, and let pn < k; < n for every i € [D]. Then

Pr{| Kl < 1] 2 1 Cpe,

where
4 D
Cbpe = 2(4C,)" (1 + p) 20c  and  C,:=3 (1 + p—1/2) :

The proof of Lemma 6.3 now follows directly.

Proof of Lemma 6.3. Apply Lemma 6.12 to Theorem 6.13. O

6.3.1 Injectivity of 7); from the operator norm of K

The rest of this subsection is dedicated to proving Lemma 6.12. The only tool we need is that the operator
norm of K bounds the operator norm of H.

Claim 6.14. We have ||H||Op < ||K||Op.
Proof. Let 14 : A < U be the inclusion. By construction, we have that H = I14 K4, so we can compute
[H ||y, = [MTaK all,
< [Mallop 15 op, leallgp
<K lgp »
since both II4 and ¢4 have operator norm at most 1. O

We can now condition the injectivity of 73, on the operator norm of H and K.

Proof of Lemma 6.12. By Claim 6.14, we have that [|H|,, < [|K][,, < 1. Since H is self-adjoint, for any
a € A we can lower bound its quadratic form as

2
(a, Ha) > — | H|,p [lal]” - (18)
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Therefore, © is injective because 1 — [[H|[,, > 0 and

1©a||* = (©a, Oa)
= {(a,Ta)

— (a, (Ida +H)a)

lall* + {a, Ha)

la])* - 1H [0 al? By Equation (18)

2
(1= ([ H lop) [lal”

>

To conclude that 7, is injective, we consider any z € Ker(7as) € G(M). The surjectivity of U gives an a € A
such that ¥(a) = z. Finally, compatibility of the maps in the colimit defining G(M) gives

©(a) = T (¥(a))
=TM (Z)
=0.
This forces a = 0 since © is injective, so z = ¥(a) = ¥(0) = 0, meaning that 7 is injective, as desired. O
This leads to a nice observation that 7, is injective if all maximal planes pairwise intersect, showing that
the barrier to 7); being injective is exactly pairs of maximal planes with empty intersection.

Corollary 6.15. If all planes in & (M) have pairwise nonempty intersections, then K = 0 so )/ is injective.

6.4 From the reals to finite fields

We finish this section by proving that we can transfer our result about the injectivity of 7j; over the reals
to a finite field of large enough characteristic.

To simplify analysis, we note that we can remove the normalization of the sign matrices without affecting
the injectivity of 7p; since they’re just a rescaling. In particular, we can write 0(9 = \/k;G; and, for I C [D],
set

Sy = (H \//?> Idy,, Sg=Idg.

iel
Then for P ="P(I,a) C Q =P(J,b), we can relate the corestriction map with the unnormalized signs 72_,
to the corestriction map with the normalized signs Tfj g 8s

G -1
TP = SITP-QST -

. . . . . . -G .
Thus, these maps give an isomorphism of the normalized and unnormalized diagrams. Consequently, 5, is
injective if and only if §;, is injective, so any injective normalized instance gives a real sign witness in the
sense of Definition 4.11. No full-row-rank assumption is needed here.

Lemma 6.4. Fix constants D € N and ¢, p € (0,1), let k; > pn for every i € [D], and let §) # M C [n]? be
e-closed. Suppose that there is a real sign witness for (M, (k;);c(p)). Then, for all sufficiently large n, there
is a prime

p=Op.(n"logn)

mn

such that, for independent uniformly random k;-dimensional codes C; C Fy,

2

Pr[ras is injective] > 1 — Tog(n £ 1)
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We will prove Lemma 6.4 in two steps. First, we will show that a real sign witness gives a non-identically
zero determinant polynomial over the integers with bounded degree and a specific value when evaluated at
the witness. We state this for an arbitrary set and arbitrary dimensions, since the proof of Theorem 6.1 will
need to apply it to both (C;);e[p) and (CAJ-)Z»E[D}.

3

Lemma 6.16. Let M C [n]P, let (k;);c;p) be dimensions, and let o be a real sign witness for (M, (k;)ie(pj)-
Put

Ny o= dim Uy, = Z Hk

P=P(I,a)e P (M) i€l

There is a polynomial f, € Z[X] such that
1< |fo(o)] < N2, deg fo < DN, (19)

and such that, over any field, every specialization x of X with f,(x) # 0 makes the induced map B@ of
—T

Definition 4.10 injective. If, in addition, every component of = has full row rank, then 5}, is the corestriction

map 7; of the corresponding row-space codes, so 7 is injective.

Proof. Throughout the proof M is fixed, so we drop it from the notation and write oX, 3% for the maps
aﬁ, Bﬁ of Definition 4.10, and o®, % for their specializations at a tuple of matrices . Recall that X aX =0
is a polynomial identity and so holds after every specialization.

We work first at the witness ¢ and set a := rank a” and b := rank °. Because ker BG = ker 87/ Ima?,
the injectivity of EJ says exactly that ker 87 C Im a?, while 5% = 0 gives the reverse inclusion. Hence
Im a? = ker 87, and the rank-nullity theorem gives a + b = Nyy. _

Choose a independent columns of a and b independent rows of 57, and let &% and X be the submatrices
of aX and B%X on those indices. The columns of & span Im a® = ker 37, while the columns of (37)T span
the row space of 37, which is the orthogonal complement of ker 3% in RV . Consequently, the square matrix

&

(5)]
is invertible, so the determinant polynomial
£o(X) = det [aX ‘ (EX)T] € Z[X]

satisfies f,(0) # 0. This is the only place where the real inner product is used.
Now let  be any specialization over any field with f,(x) # 0. Then the selected columns of o* and rows
of 8% are still independent, so

ranka® > a and rank 5% > b.

On the other hand g%a® = 0 forces Im a® C ker 5%, so rank a”® 4 rank 5% < Njy;. Since a + b = Ny, we can
conclude that Im o = ker 8% and 8" is injective. Moreover, if every component of = has full row rank, then
Lemma 4.8 identifies Coker o with G(M) and B with 757, so 7y is injective.

It remains to prove the bounds in (19). By Equation (11), each corestriction map inserts at most
D columns, so every entry of aX and of 8% is either zero or a signed monomial of degree at most D.
Expanding the Nj; x Nj; determinant gives deg f, < DNj;. At the sign instance o, the matrix defining
fo has entries in {0, £1}, so each of its Ny columns has Euclidean norm at most /Ny, and Hadamard’s

inequality gives |f,(0)] < NﬁM/Q. Finally, f,(c) is a nonzero integer, so |f, (o) > 1. O

Second, we will show that we can upper bound the characteristic of the finite field. We need to ensure
that, when modding by this characteristic, the determinant polynomial does not become zero.
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Lemma 6.17. Let d, := deg f, and m, := |f,(c)|. There is a prime p { m, satisfying
max{2D + 1,d, log(n + 1)} < p, p=Op.(n”logn). (20)
In particular, f, modulo p is not identically zero.

Proof. From Corollary 3.26, there exists a universal constant C' such that for ¢ = max{2D +1,d, log(n+1)}
there exists a prime p { m, satisfying

q < p<C(g+log(2m,)). (21)

The lower bound of Equation (21) is the first claim, so it remains only to bound its upper endpoint. We
first bound Nj,; by computing

NM:dim @ Up

Pe PN (M)
= > 1QPM)[ ] ]k
I1C[D] il
ks
< 2PenP Z H — By Corollary 3.14 and lemma 3.6
11l n
IC[D] i€l
<2P(2P —1)en?. By ki <n

From Lemma 6.16 we have that d, < DNjs and m, < NﬁM/Q, so log(2m,) <log2 + NTM log Njp;. Thus,

C(q+1log(2my)) < C (max{2D + 1,d, log(n + 1)} + log(2m,))
= Op..(nP log(n)),

as required.
Since p t my, the reduction of f, modulo p evaluates nontrivially at o and is consequently not the zero
polynomial. O

Now, we can prove Lemma 6.4. Our use of the Schwartz-Zippel lemma here is similar to that of Lemma
21 of [KP25].

Proof of Lemma 6.4. Let o be a real sign witness for (M, (k;);c[p]), let fo be as in Lemma 6.16, and choose
p as in Lemma 6.17. Sample independent uniform matrices G; € Flgixn. Since f, mod p is nonzero, the
Schwartz—Zippel lemma and Lemma 6.17 give

do 1
=0 —< — .
Pr[fo’(G17 7GD) O} — P < 10g(n+1)

Let Ery be the event that every G; has full row rank. For each G; individually, we have

ki—1

Prirank Gy < k| < S pi " <
r[ran < ]_jz::Op <p—1

Consequently, since p > 2D + 1 we can use a union bound to get

D
Pr[Equ] > 1 — Z Prlrank G; < k]
i=1

D
>1—- —
p—1

>

38



By Lemma 6.16,

PI‘[fU(Gl,...,GD):O] 2

P i t injecti Eral] < < .
r[ras is not injective | Fgy] < Pr (Bl Tog(n 7 1)

Conditioned on FEpy, the row spaces of the G; are independent uniformly random k;-dimensional codes.
Every such code has exactly |GLg, (F,)| ordered generator matrices, so choosing random generator matrices
gives the same distribution. O

We can now choose a single characteristic that works for every e-closed set and both (C;);¢[p) and (Cil)ie[ D)
at once. The strategy is the product-of-polynomials method from the proof of Lemma 21 of [KP25], but
applied to the witnesses of Lemma 6.16 while taking care to choose a large enough characteristic.

Proof of Theorem 6.1. The argument has five steps. We consider one set of dimensions for (C;);c;p] and a
fixed e-closed M, then produce one real witness for each of them, then choose a single prime at which every
witness survives, and finally sample the codes and take a union bound over both the codes and their duals.

Step 1: A uniform dimension bound. For M = @ the map 75, has zero domain, and for M = [n]”
it is the identity, so both are injective for every choice of codes. We may therefore restrict attention to the
family .. of nonempty proper e-closed subsets of [n]”, and we write s := |[.Z.| < on”,

Fix M € #. and n € {+,—}, and let N}, denote the dimension Ny of Lemma 6.16 for the profile
(k1)ie(p). Using the fact that, for a given I C [D], we have Q7| < nP~HI and that k] < n,

Ny, = Z Hk" Z nP~ |I|Hn— —1)nP = R.

P=P(I,a)e 2" (M) icl 1C[D] iel

This loose count suffices, and we do not need to use any sparsity properties for the anchor sets here. Note
also that R > n > 2.

Step 2: an integer certificate for each set and profile. Both dimension profiles satisfy k]! > pn, and
n > Nj,_ > Np.. Moreover, Equation (15) gives 2Pe < 1/(4A% ,) <land Cp,.= Ap,vV2Pe < 1/2.
Thus, Lemma 6.3 gives an injective normalized instance with probablhty at least 1/2 for this fixed M and
proﬁle (k{)icip)- Removing the normalization as above gives a real sign witness o}, for (M, (k])icp))-
Applying Lemma 6.16 to it produces a polynomial f}, € Z[X] with

1< |f (o)) < (NI < RE/2 and  deg f}; < DNJ,

using in the third inequality that y — y¥/? is nondecreasing for y > 1. Over any field, any specialization x
at which f}, does not vanish makes BL injective, and makes it equal to 7); as soon as x has full row rank.
The witnesses are allowed to depend on both M and 1. However, we need one characteristic in which all of
the fj; survive.

Step 3: one prime avoiding all of the certificates. Set

I I I/,  and  L:=Dn+2DsR,
ne{+,-} Me.

with the convention that an empty product is 1, so that m, > 1 is an integer. There are 2s factors, each at
most R™/2 by Step 2, so logm, < sRlog R. Applying Corollary 3.26 with m = m, and ¢ = 2+ Llog(n + 1)

gives a prime p { m, with

Llog(n+1)<p< C(2+Llog(n+ 1) +10g2+sRlogR) =0Op (2”DnD10gn> ,
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where the last estimate uses s < 2" and R = (2P — 1)nP. Since p divides none of the integers fy,(o7,),
each f}, reduces to a nonzero polynomial over F,, and hence over each of its extensions F,:. Observe that
this step fixes p before any code is sampled, and that the same p works for every M and both dimension
profiles.

Step 4: full rank and simultaneous injectivity over ;. Fix an integer t > 1 and a profile n € {+, -},
n
and let X;,...,Xp with X; € Fﬁi “™ have independent uniformly random entries. Writing A;(X) for the

determinant of the formal matrix (Xﬁfj)')r,je[k"]a set

IS D
X ::HA“ F.=p" H I dy ::Zk?+D Z Nips
i=1 i=1

Me. . Me. .

where all of the f}, are formed in the same variables X, so that a single sample specializes all of them at
once. Fach A; contains the diagonal monomial Hv-e[kj] X,Elz with coefficient 1 and so is a nonzero polynomial
in Fp¢[X]. Combined with Step 3 this shows that F" is a nonzero polynomial in Fp:[X], and deg F" < d,
by Step 2. The Schwartz—Zippel lemma therefore gives

Pr[F”(Xl,...,XD);éO] Zl—i?
p

Let E, be the event that every X; has full row rank, and let A, be the event that 7y is injective for every
M € . in the diagram of the row spaces of Xi,..., Xp. A nonzero evaluation A;(Xy,...,Xp) forces X;
to have full row rank, so by Step 2 we have {F"(X1,...,Xp) # 0} C A, N E,. Since k] < n, full-row-rank
matrices exist and Pr[E,] > 0, so we may condition on E,; using Pr[E,] <1 in the denominator,

Pr[A, N E,)] d

Pr[A, | E)] = —2—" > Pr[F"(Xy,..., X >1-— -1

I'[ Ul ‘ 7]} PI‘[ET]] = I‘[ ( 1, ) D) 7é 0] = pt

Moreover, conditioned on F, the row spaces of Xi,...,Xp are independent and uniformly random in

Grpe(n, k'), because every k;'-dimensional code has exactly ‘GLk? (Fpt)‘ ordered generator matrices. So this

conditional sampling is the same as choosing a random full rank generator matrix for the profile (k);c[p).
Step 5: the union bound over the tuple and its dual. Let Cy,...,Cp be independent and uniformly
random with C; € Grye(n, k;). Applying Step 4 with n = +, the maps 7a/ for (C;);¢[p) fail to be simultaneously
injective with probability at most d /p. Since the dual of a random k; dimensional space is a random (n—k;)
dimensional space, the tuple (Cf)ie[ pj is itself uniformly random with the dimensions (k; );e[p). Applying
Step 4 with = —, its global corestriction maps fail to be injective with probability at most d_ /p*. A union
bound gives a total failure probability of at most

Here the first inequality is the computation

D
dy+d_ =Y (ki+(n—k))+D Y (Nj;+Ny)<Dn+2DsR=1L,
i=1 Me .

using N}, < R from Step 1, and the second holds because p > Llog(n + 1) by Step 3. Together with Step
1, this is exactly the claim. O
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7 Bounding the Operator Norm of the Plane-Interaction Matrix

In this section, we will take the same setup as the previous section and continue to work over R to lower
bound the probability that the operator norm of the plane-interaction matrix K of M is less than one.

Theorem 6.13. For constants D € N, p € (0,1), and € € (0,277, let

192D\ **
n > Np . := max {16 () ,(2D€)_2} .
e

Fix an e-closed set M C [n]P, and let pn < k; < n for every i € [D]. Then
P[], < 1] 21— Cpe.

where

A\ D
Cppe =2 (4CP>D (1 + p) 9D, and C,:=3 (1 + p—1/2) .

Since we will do this via Markov’s inequality, it suffices to bound the expected operator norm of K. Thus,
the main result that we will derive in this section is the following upper bound.

Lemma 7.1. For constants D € N, p € (0,1), and € € (0,277), let

192D\ **
n > Np,. := max {16 ( ) ,(2D5)—2} )

e

Fix an e-closed set M C [n]P, and let pn < k; < n for every i € [D]. Then

IUE[HK”OP] S C(D,p,‘f;“

A single application of Markov’s inequality gives us the necessary result for the previous section.
Proof of Theorem 6.13. We directly compute
]?;r[||K||Op <1 >1- IE[HKHOP] By Markov
>1—-Cp,pe By Lemma 7.1
O

Our path to proving Lemma 7.1 begins in Section 7.1 by rearranging K into “superblocks” of the blocks
Kp g used to define it and then decomposing these blocks as sums of restricted operators whose operator
norm we can cleanly express as a product of operator norms. Then, in Section 7.2, we bound the expected
operator norm of these restricted operators. Finally, we complete several deferred proofs in Section 7.3.

7.1 Decomposition of the plane-interaction matrix

To bound the expected operator norm of K, we proceed via two decomposition steps. In Section 7.1.1, we
simply change our view from the block definition of K via the plane blocks Kp g for planes P and @ to
what we call directional blocks Kp ; defined by two directions I,.J C [D]. There are only 4° such pairs
(1, J), so bounding each [|K; |, lets us easily bound || K[|, via the triangle inequality. To work on these
K1.;’s, however, we perform one more decomposition in Section 7.1.2 over subsets of (I U.J)". This latter
decomposition is where we use both the fact that M is e-closed and that the entries of our generator matrices
are random Rademacher variables.
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7.1.1 Directional block decomposition

This first decomposition combines all plane blocks K p o, where P is an I-plane and @ is a J-plane, together
into one direction block K7 .

Definition 7.2. Since each plane block Kp g : Uy — Up and for two directions I,.J C [D] the planes in
P(M) are indexed by Q7 (M) and Q) (M), respectively, we can define the block K7 ; combining all blocks

Kp g for an I-plane P and a J-plane () as an operator Ky j: Uy @R — Uy ® R where for a € Qf and
be Q)

(K1,7)ab = Kp(1,0)P(1b)-
Thus, K7,y is (1971 TLies k:) x (1991 TTe, k) dimensional
Later, we will prove the following bound on the expected operator norm of each Ky ;.

e

Lemma 7.3. For the direction block K ; defined as above and n > Np . := max {16 (@)24 , (2D5)*2},

we have
AN\ P
Ell[Krsll,,] < 207 <1 + p) 2D¢,
With this bound in hand, we can use the triangle inequality as mentioned previously to finish off

Lemma 7.1.

Proof of Lemma 7.1. If M = @ or M = [n]P, then K = 0, so assume @ # M C [n]P. Since both I,J C [D],
there are at most 4° possible choices of (I, J). For each K ;, we can pad it with zeros, which doesn’t change
the operator norm, to be the same dimension as K. Thus, we can compute

E[IKlL,) =E ||| > Ki
1,JC[D]

op
< Z I[E';: |:||K[,J||Op:| By triangle ineq
1,JC[D]
A\ D
< ) o2cp (1 + > 2De By Lemma 7.3
1,J<[D] p

4 D
=4P2c? (1 + ) 2De
p
= CD,p,E,

as claimed. O

7.1.2 Decomposition over sets of mutually fixed coordinates

Next, to achieve Lemma 7.3, we write out explicitly the action of K ; and observe a clean way to write it
as a sum of matrices. This will require some new notation.

Definition 7.4. With i € [D] and G; € RF**" as the generator matrix of the component code C;, we define
the n x n real matrices

B;=G]G;  D;=B;— Idgn,
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where we can see that D;(a,a) = 0 and D;(a,b) = Zf’:l Uﬁf;afjg for a # b. Moreover, for a set S C [D]

we let
Gs=Q)Gi, Bs=@QQBi, Ds=(X)D:.

i€S i€S i€s
We write gs(a) = ®,cg 9i(a;) for a € [n]¥, with gz = 1 and empty tensor products of operators interpreted
as the identity on R.

Definition 7.5. For a subset S C X of some set X, we define the canonical inclusion and projection maps
Ls RS — RX
g : RY — RS,
We now state the decomposition.
Lemma 7.6. For fixed I, J C [D], define
C=InJ L=1I\J R=J\I F=(IuJ)".

Then, after ordering the tensor coordinates in order as (C, L, R, F'), we can decompose K, ; as

K;; = (1dy, ®Ign) (Idy, ® G ® G @ (Bp — ldggyr)) (Idy, ®oy) (22)
= Y Kf, (23)
P#ECF
where
K7y = (dy, ®lgn) (Idy, ® GL ® G © D @ 1dy,me) (Idu, @an) . (24)

We defer the proof of Lemma 7.6 to Section 7.3 and provide a bound on E [HKEJHop]'

Lemma 7.7. For a non-empty subset £ C F' and n > Np . := max {16 (%)24 , (2D£)_2}, we have that

E Lictr (4 [E|
E[|IKF),,| < 201" (p) 552

Given this bound on each E I:HKIE7J||OP:|’ we can use the binomial theorem to sum over all subsets E to

bound E [HK,,JHOP].

Proof of Lemma 7.3. We start from Lemma 7.6 to compute

I([;: {”KI,JHOP} = IE Z K[E;J By Equation (23)
GAECF op
E . .
< Z IE [HKLJHOP] By triangle ineq
o#ECF
N
< > 2CIHHE <) 2D¢ By Lemma 7.7
o#AECF P
NE
<20PV2Pe <)
ozBCF \P
A\D
< 205\/ 2D¢ (1 + > By binomial thm
p
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7.2 Bounding the expected operator norm of restricted directional blocks

The proof of Lemma 7.7 requires two main ingredients: First, we will upper bound E {HK}?JHOJ by the

product of the expected norm of the tensor of our generator matrices and the maximum operator norm of
a sparsely applied operator. Second, we upper bound the expected operator norm of such sparsely applied
operators.

We begin by using the definition of K IE ; from Equation (24) to derive an upper bound on its operator
norm.

Lemma 7.8. For a non-empty subset £ C F = (IUJ)", let Z = F \ E so that we can decompose
[n]" = [n]® x [n]® x [n]Z and [n]”" = [n]" x [n]F x [n]?. Then define

X,.={ac [n)F : (r,a,2) € Q7}
Y. =1{ben]F: (b 2) €}

Then we can bound the operator norm of K F 7 as

(25)

1 < 162y Gl e [x,.. Doy

€l
re[n]®
ze[n)?

Again, we defer the proof to Section 7.3 since it is mainly derived via careful algebraic manipulation
of the definition of Kf’;. All that is left to obtain Lemma 7.7 then is to bound, in expectation, ||GLl|,,,

HGRHOp7 and maxy . , HHXT,ZDELYZ,Z Hop. For G, and G R, we use standard results relating the operator norm

of random Rademacher matrices to Gaussian matrices to get the following bounds, whose proofs we also
defer.

Proposition 7.9. For a normalized (each column is scaled to have norm 1) random Rademacher matrix

1
Gziarcr cnekana
\/E( Irek],celn]

where k > pn, its expected operator norm over the random signs is at most
E[|G]l,p) < €, =3 (14 p71/2).
Using the independence of the signs of our generator matrices, we immediately get the following corollary.

Corollary 7.10. For a set S C [D] and normalized random Rademacher matrices (G;);cp) with k; > pn,
we have that

E[|Gsll,,) < CFL.
Proof. Apply Fact 3.24 to Proposition 7.9. O

To deal with maxg . . ||HXT,ZDELY5,Z
operator norm of such sparsely applied operators with the maximum taken over bounded indexing sets. The
proof of this proposition, which comprises all of Section 8, crucially utilizes both the fact that M is e-closed
and properties of random Rademacher matrices.

op? WE state a general proposition about the expected maximum

Proposition 7.11 (Verbose version of Proposition 8.1). Take fixed integers ¥ > 0 and ¢ > 1 such that
v+ q < D. Let A be a fixed indexing set such that |A| < n”, and take normalized random Rademacher
matrices (G;)ie[q With k; > pn and D; = Gf G; — Idg. For all indices A € A, take Xy, Yy C [n] to be
n-sparse for some constant n € (0, 1), fixed independently of the signs. Letting

q
Ty =Tx, [ Q) D; | 1y : R 5 R,
j=1
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we have that for n > Np 4, := max {16 (%)24 ,n*2/q},

4 q
E T <2 - .
b Tl <2(5) v

If A = @, then this expectation is just O.

Having bounded each of the components of Equation (25), we can now prove Lemma 7.7.

Proof of Lemma 7.7. From Lemma 7.8 we have that

1K sl < NGLlop IGRIp o [x, . Dey, |,
76[ ]
z€[n)?
where @ = (IUJ) and Z = F\ E so that we can decompose [n]'" = [n]® x [n]¥ x [n]? and
[n]” = [n ]L X [n ] % [n]” to define

X,.={ac ) : (r,a,2) € QF}
Yo.=1{be[n]F: (b 2) €}

To apply Proposition 7.11 with ¢ = |E| and v = |L| + |R| + | Z|, we note that number of triples (¢,r, z) is
at most nlLIFIEITIZl and that |L| + |R| 4 |Z| 4+ |E| = D — |C| < D.'"°Furthermore, since Qf and Q) are
2Pe-sparse by Corollary 3.14, X,. and Yy, are as well, so we can take n = 2P¢. Our choice n > Npe
also gives n > Np 4., since n~2/9 < max{1,n2} for ¢ > 1. The three factors in Equation (25) depend on
disjoint collections of signs indexed by L, R, and E, respectively, since the sets X, . and Yy , depend only
on the fixed set M. Thus, independence and Corollary 7.10 give

E 1£1,,) < 2 16elly) B [1Grly) E sox M, _Der |,

|E]
< C\pLIHR\ ) <4> V2De,
p

as claimed. O

7.3 Deferred proofs

Finally, we present the deferred proofs of Lemmas 7.6 and 7.8 and Proposition 7.9. For convenience, we
restate the relevant lemma and propositions.

Lemma 7.6. For fixed I, J C [D], define
C=1InJ L=1I\J R=J\I F=(IuJ)".

Then, after ordering the tensor coordinates in order as (C, L, R, F'), we can decompose K j as

K; g = (ldy, ®Ign) (Idy, ® GL ® G ® (Bp — ldgyr)) (Idy, ®a) (22)
> Kf, (23)
GAECF
where
KIEJ = (IdUI ®HQ?) (IdUc ® G ® G’T R Dgp® Id F\E) (IdUJ ®LQ(}) . (24)

10Tn this application of Proposition 7.11, we are considering the g generator matrices used the proposition to be exactly
(Gi)ier and not necessarily the first ¢ generator matrices of (G;)i¢[p)-
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Proof of Lemma 7.6. We begin by formalizing what we mean by ordering the tensor coordinates in order as
(C,L,R,F). Since I =CUL, I°=RUF,J=CUR and J* = LUF, we can decompose and order the
ambient domain and codomain of Ky ; as
U; @ RN = Upup @ R 2 U o R @ U @ R (26)
Ur ® RM — Ucur @ R 2, @ U, @ R @ RM” (27)
respectively. Recall that by convention, Uy = R and R = R. Moreover, ordering the tensor coordinates

is equivalent to multiplying by a unitary matrix and doesn’t change the operator norm.
To show Equation (22), we will let K7 ; be defined as the right hand side of Equation (22) and prove

that K7 ; and K 1,7 agree on all of their plane-interaction blocks. Take
a=(ap,ar) € QF C [n]f x [n]F
b= (by,br) € Q) C [n]" x [n]F
and consider the planes P = P(I,a) and Q = P(J,b), so (K1.j)ap = Kpo and ([?]y.])a?b = I?RQ- For a

pure tensor uc ® ur € Uc @ Ugr = U, we apply the first part Idy, Qan of K1 ; and use Equation (26) to
perform the identification

(uc®uR)®ebHuc®ebL®uR®ebF. (28)
Applying the second operator of K 1,7 to Equation (28) gives

(IdUc®GL®G; ( IdR[n )) (uc®ebL®uR®ebF)
=uc ®gr(bL) ® GRur ® (Bp — Idgpr s,

=uc®gr(br) @ | D (Grur)(r)e, | @ | > (Br(f,br) = 1{f = br})es
r€[n]f fem”

Thus, after applying the third operator, we get
(I?I,J)a,b(uc QuR) = IA(P,Q(UC ® UR)

= ((Grur)(ar)) (Br(ar,br) — Har = br}) (uc ® gr(br)) - (29)

We now observe what Kp g does to uc ® ug by computing
TQ(UC ® UR) =uc ® gL(bL) QUR X gF(bF)
mp7o(uc @ ugr) = (9r(ar), ur)(9r(ar), gr(br))(uc © gr.(br))
= ((Grur)(ar)) (Br(ar,br)) (uc @ gr(br)).

Recall though that if P and @ intersect, then Kpg = 0 instead of 75 7¢. Since PN Q # @ if and only if

ap = bF7 then

Br(ar,br) PNQ =9

(30)
0 PNQ+o

BF(CLF,bF) — 1{aF = bF} = {

Therefore, combining the expression for K p,o from Equation (29) with Equation (30) shows us that

% _ TIITQ PNQ=9
P Yo PNQ+02
:KP,Q



Since this holds for any a € Qf and b € ), we can conclude that K; ; = R\'[’J, as claimed in Equation (22).
Finally, to derive Equation (23), we expand Bp — Idg,,r as

fer
= ®(Df + IdR["]{f} ) — IdR[n]F
fer
=12 [QDPec® @ Mg || —Idgpr
ECF \ecE fEF\E
= > (Deeldyme). (31)
@#AECF

Plugging Equation (31) into Equation (22) then yields
KI,J = (IdUI ®HQ?) (IdUc RGL ® G; ® (BF — IdR[n]F)) (IdUJ @LQF})

= Z (IdUI ®HQ?) (IdUc RGL ® G; ® Dg ® IdR[n]F\E) (IdUJ ®LQ?)
GALECF

= > Kp,

@AECF
as claimed in Equation (23). O

Lemma 7.8. For a non-empty subset £ C F = (IUJ), let Z = F \ E so that we can decompose
[n]" = [n]® x [n]¥ x [n]Z and [n]”" = [n]" x [n]® x [n]?. Then define

X,.={acn)?:(ra,z2) €0}
Y. ={ben)?:(bz2) e}

Then we can bound the operator norm of K }E 7 as

1EEsllop < NGLlop G rllop max: |Tx, Dty - (25)
ren]®
z€[n)?
Proof of Lemma 7.8. By definition of X, , and Y7 ., we can decompose Q' and Q) as
0F = || {tb,2):beYi}
Leln)*
z€[n)?
O = |_| {(rya,2) :a € X, .}
re[n]®
z€[n)?
Therefore, we can decompose the domain U; ® R/ and the codomain U I ® R of K }E 7 as
Uy @RY 2Uc @ Up @ RY = () Uc ® Up @ RY:: (32)
ce[n]®
z€[n)?
U1®RQ?%”U0®UL®RQT§ @ UC®UL®RXT’Z- (33)
re[n]®
z€[n]?
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Using these decompositions, we’ll write K IE 7 as the product of three operators that will make computing
its norm in the form of Equation (25) immediate. The first operator applies G;; : Ug — RM™ ip every
summand of the decomposition from Equation (32):

Up = P [y 9G;@ldyy,.) :Us@RY — P Uc @R~

Leln)* teln)t
2€[n]? re[n]f
z€[n)?

Here, to get the codomain as above, we use the identification

R® Q@ RYes =~ @ RYe=

re[n]k
er ® ey = [ep]r,

where [e], denotes placing e, in the r-th summand.
Next, we define our second operator in parts by taking ¢ € [n]X, r € [n]® and z € [n]Z and letting

Y, Xr,z
T€7T7Z = HX7‘.2DELYZ,Z R — ROz,

where ty, | : R0 — R is inclusion by 0’s (so padding in the coordinates [n]¥\ Yy,.) and I, _ : RM®
R¥X~= is projection. The direct sum of all Ty, .’s gives us our second operator

o= @ e oTire): @ UooB o @ UooR¥= @ UooR R e ()

Lefn)- teln)t teln)t re[n]®
re[n)® re[n]® re[n]® z€[n)?
2€[n]? z€[n)? z€[n)?

Finally, our third operator is similar to the first and applies G, : R 5 U 1 to each summand in the
codomain of Ty for all pairs (r, z):

V= P (dy, ©GL @1dgx,..) : € Uc @RI @RY = U @ RY,

re[n]®? re[n]®
z€[n)? z€[n)?

where we get the desired codomain by the decomposition in Equation (33). All together, our proposed
factorization of K F ; looks like

U; @RY 2% (D Uc @R 12 P Uc@R¥= 25 U @ RY. (35)
Leln)* teln)t
re[n)® re[n]®
z€[n)? z€[n)?

All that remains is to verify that this factorization is correct. To do so, we observe what Equation (35)

[l
does to pure tensors. Take uc € Uc, ur € Ug, and e, € R%/, the indicator vector at (£,b,2) € 99 We
then denote [v]e,r» to be the vector v placed in the (¢,r,z) summand of the domain or codomain of Tx as

defined in Equation (34) to form the pure tensor uc Qug®erp . € Uy ®R99 (as shown by the decomposition
in Equation (32)) to compute

Up(ue @ur @erp2) = (Grur)(r)uc @ epler-

re[n]k

TpUr(uc @ up @erp:) = Y (Grur)(r)Dp(a,b)luc ® ealr.-

re[n)?
a€Xy o

\IJLTE\I/R(UC R up K 6@)b7z) = Z (G;’U,R)(T)DE(G,, b)(UC R Gres® er,a)z). (36)

re[n]®
acX, .
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From here, it is straightforward to see that Equation (36) is the same operation as K IE 7 as defined in

Equation (24). Since pure tensors span the domain, we can conclude that K}EJ = U, TgVgr. A quick
computation on this factorization yields Equation (25):

1K, = L TEVRl,,

<NYLllop 1TElop 1Y Rl By submultiplicativity

<G Ll || 1dve ®T0rz|| |G

Lyr,z

Hop
op

T2

< GLllop (rlpax ||Tg’m|0p> 1GRllop » By Facts 3.23 and 3.24

as desired. O

We will need two standard facts about Gaussian matrices to prove Proposition 7.9. The first allows us
to symmetrize the norm of a mean-zero matrix using standard Gaussian random variables.

Lemma 7.12 (Lemma 6.7.4 of [Verl8]). Let Xi,..., Xy be independent mean-zero random vectors in a
normed space. Let g1,...,gn ~ N(0,1) be independent Gaussian random variables which are also indepen-
dent of X;. Then

N

>

=1

E <3E

N
> aXi
i=1

The second bounds the norm of a random Gaussian matrix.

Lemma 7.13 (Theorem 7.3.1 of [Ver18]). Let A be a k x n matrix with independent N'(0, 1) entries. Then

E[|All,, < VE + Vi
We can now prove Proposition 7.9.
Proposition 7.9. For a normalized (each column is scaled to have norm 1) random Rademacher matrix

1 n
G= 7(U'r,c)r€[k],c€[n] € ka ;

Vk

where k > pn, its expected operator norm over the random signs is at most
E[Gll,p) < C, =3 (1+p71/2).

Proof of Proposition 7.9. For a row r € [k] and column ¢ € [n], let X,.. € R¥*" be the matrix of all 0’s
except with a 1 in the (r,c) position. Taking G to be the un-normalized version of G, we have

é = \/EG = Z Ur,ch,o

relk],c€[n]

Applying Lemma 7.12 to the independent mean-zero matrices o, .X; ;, we have that

£||¢

< 3 ]E T,cYrTr CXTC 37
HE > X (37)

a7y
re(k],c€[n] op
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where the v,.. ~ N (0,1) are jointly independent and independent of the signs. Thus, the products v, .o, .
are jointly independent standard Gaussians, so we can use Lemma 7.13 to get

E > YreOreXre <Vk+n. (38)

o,y

relk],c€n] op
Putting Equations (37) and (38) together yields
E[|C],) = ~E|[&
P ko op
< L (Vis \/ﬁ)
Vk
<3(1+577),
as desired. O

8 Bounding the Operator Norm of Sparse Tensor Gram Matrices

In this section, we will prove the standalone proposition regarding the expected max operator norm over
a sufficiently small family of sparse operators formed by the tensor of operators with random Rademacher
entries. Since the main result of this section should be thought of as an independent result on the operator
norm of such operators, we will redefine the objects we’re working on.

Setup Throughout this section, we will use the following notation. Let D > 0 be a fixed integer, ¢ > 1
and v > 0 be fixed integers such that ¢ + v < D, p € (0,1) be constant, and for any n € N and ¢ € [D]
let k; € [n] be such that k; > pn. With these parameters, we define ¢ random matrices G; € RFiXn ag
(Gi)ra = k;l/zogg for r € [k;] and a € [n] where all 0'7(‘?1 ~ {—1,1} are sampled independently. For i € [q],
we let D; = G:Gi — Idgm. Lastly, for a set X C [n]?, we let IIx : R 5 RX be the standard projection
map and tx : RX — R be the standard inclusion map by 0’s.

Proposition 8.1 (Proposition 7.11 restated). Take fixed integers v > 0 and ¢ > 1 such that v+ ¢ < D. Let
A be a fixed indexing set such that |A| < n”. For all indices A € A, take X,Yy C [n]? to be n-sparse for
some constant n € (0,1), fixed independently of the signs. Letting

q
T\ =1Ix, ®Dj Ly, (R 5 RX,
j=1

we have that for n > Np 4, := max {16 (@)24 »77_2/‘1},

4 q
< — .
Bl Tl <2 (2) v

If A = @, then this expectation is just O.

8.1 Derivation of the sign monomials

Our proof of Proposition 8.1 will rely on the trace power method, so we begin by deriving an explicit
expression for the trace of the power of these T)’s, which we will eventually decompose into monomials of

the signs a,(ﬂ,i

50



Lemma 8.2. For X,Y C [n]? and Dy, ..., D, as above and

T:=Txy:=lx [QD; | v : RY - R¥,
j=1
we have that for all integers p > 1:

9 P

w(TTTP) = > JT1IDPi@es v Di e wesa5)

xT1,..,Tp€X j=1t=1
Y150 YpEY

where we define x,41 1= 2.

Proof. For x € X and y € Y we have T'(z,y) = H?:1 Dj(xj,y;). Using the fact that each D; is symmetric,
we get that for z, 2’ € X,

(TT") =Y T(z,y)T(2,y)

yey

= T Dilws v)Ds(y;.25). (39)

yeY j=1

Thus, taking the trace of (TTT)? yields

r(TTT)P) = > J[@T") (@ we0)

p q
Z H Z H Dj(z¢;,y;)D;j(y;, Te41,5) By Equation (39)

T1,...,pEX t=1yecY j=1

q p
> TTTIPi@es ve)Ds e wesay),

T1,...,xpE€X j=11t=1
Y1,--,Yp€Y

as claimed. O

Expanding out the result of Lemma 8.2 to contain the individual signs 07(]3 will let us eventually count
how many terms in this sum of products could possibly be 1.

Corollary 8.3. With the setup of Lemma 8.2,

q q
tr ((TTT)p) = Z Z H k;Qp H (z,y,75) | »
T1,..,TpE€X Tjé[kj]zy j=1 j=1

Y15 Yp €Y je[q]

where we define the monomials of signs

E*@

(9) .5 .5 . . . ) .
{E y7rJ ( Oriot—1,xe; " Orioe—1.es " Orjoeyes  Orjeedit; 1{xt»J 7é Yt,j and Yt,j 7& mH’lJ} : (40)

t=1
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Proof. We use the definition of each D; to directly compute

P
H Dj(@,,y1,5)D; (Ye.j> Te41,5)
t=1

P kj kj
1 . 1 )
= H % Z ; 'Uv(n,gzt‘j Y # yeyh Tos Zoﬁ?y)w. %,H j Yy # g1}
t=1 J =1 J r=1
92 ;
= kj ? Z H ( Ori2e—1,T1,j Ug,)ztfhyt j £Z)2t7yt j £3)2t790t+1 j l{xt,j 7é Yt,j and Yi,j 7& xt"t‘ld})
Tj,15e-5T5,2p k5] t=1
—2
=k; " Z Dj(x,y,7;5). (41)

’I"]’71,...,T’j,2p€[kj]

Plugging in Equation (41) to the result of Lemma 8.2 gives us the desired claim. O

8.2 Graph view of the sign monomials

With the decomposition of tr ((TTT)) into our sign monomials from Equation (40), the next natural step
is to bound how many of these monomials could possibly have non-zero expectation. Our main tool to
achieve this is to view the list of indices (z,y,r;) as a walk along a graph, specifically a weak Wigner word
from [Wigh5], and use the tools from [FK81; AZ06] to bound how many monomials could have expectation
1. Overall, the idea is to remove all monomials with expectation 0, split the remaining monomials into
equivalence classes, bound the size of each equivalence class using the sparsity of our indexing sets, and
finally bound the number of equivalence classes using bounds on the number of equivalence classes of weak
Wigner words from [AZ06].

To motivate this connection to weak Wigner words, we begin by repackaging the information contained
in (z,y,r;) into a single tuple which we will interpret as a walk along a bipartite graph.

Definition 8.4. For a fixed j € [¢] and © € X?, y € YP, and r; € [k;]*", define the string w; =
(Wj,0,- -, Wjap) as

Wi at—1 = (L, 2 ) wjar—3 = (R,rj2e—1)
Wi at—2 = (Layt,j) Wy at—1 = (R,Tj,zt)
wjar = (L, Te41,5)
for all ¢ € [p] where L and R are formal symbols indicating “left” and “right”. We will view this as a walk
on the bipartite graph I'y,; = (V = VL U VR, E;) where Vi = {wj 4t 4, wj a2, wjas : t € [p]} € {L} x [n] and

Vi = {wj a3, wj a1 : t € [p]} C{R} x| j}, and the distinct undirected edges are E; = {{w; ¢, wj 41} :
0 <t<4p}.

Remark 8.5. It’s useful to observe that, via this construction, there is a one-to-one correspondence between
the g-tuple (wi,...,w,) and the list (z,y,r) for r € J[7_,[k ;]?P. That is, these are just different ways of
indexing the same g x 4p elements, which we will more clearly see in the proof of Lemma 8.29.

Next, we make a simple observation about when ®; is non-zero.

Lemma 8.6. With the setup from Definition 8.4, ®;(x,y,r;) is non-zero if and only if the walk w; is a
non-left-backtracking closed walk.'!

Proof. From the definition of ®,(x,y,r;) in Equation (40), we see that ®;(z,y,r;) is non-zero if and only
if ¢, ; # y; and yg; # @415 for all ¢ € [p], meaning that wja—a # wjar—2 # wj 4. This gives us that

1By non-left-backtracking, we mean that at each visit to a right vertex, the preceding and following left vertices differ.
Backtracking at left vertices is allowed.
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the walk is non-left-backtracking. To see that the walk is closed, we recall from Lemma 8.2 that we defined
Tp+1 = 21, giving us wj.o = (L,xlyj) = (L,Jip+17j) = Wj,4p O

In this setting, we can express ®;(x,y,r;) directly by the edges of Iy, .

Lemma 8.7. For a non-left-backtracking closed walk w; from (x,y,r;), we can compute ®;(z,y,r;) from
’Ll)j as

. mj(r,a)
o(eyr) = I] (o9) (42)
r€lk;]
a€n]

where m;(r, a) is the number of times w; traverses the edge {(L,a), (R,r)} in either direction.

Proof. Since wj is a non-left-backtracking closed walk, the indicators 1{z; ; # v ; and y; ; # 441} from
Equation (40) are always 1, so ®;(x,y,r;) is always just a product of signs. The expression in Equation (42)
then exactly recovers the signs used in ®;(x,y,r;) because each occurrence is counted by a traversal of the
corresponding edge. O

An immediate consequence of this formulation of ®; is an easy expression for its expectation.

Corollary 8.8. For a non-left-backtracking closed walk w;, we have

E[q)j(z7 Y, Tj)] =

o

1 m;(r,a) is even for all r € [k;],a € [n]
0 otherwise.

Proof. If at least one of the m;(r,a)’s is odd, then since all of the signs aﬁfg are independent Rademacher

variables, the whole product is randomized as a Rademacher variable and has expectation 0. If all the
exponents are even, then ®;(x,y,r;) = 1 deterministically. O

Taking the expectation over all of (T'T'T)? then gives us a nice expression.

Corollary 8.9. Randomizing over the signs, the expectation of tr ((TTT)p) is

E[w ()] = | [T ] 17
j=1

where

q
W(X,)Y) =1 (z,y,7) € XP xYP x H[kj]2p :Vj € [q], w; is even and non-left-backtracking
j=1

Therefore, to bound the expectation of tr((TT "), we want to bound the number of monomials Q;(x,y,rj)
where all exponents are even. Equivalently, we want to bound the number of possible non-left-backtracking
closed walks w; that traverse each edge of I',,; an even number of times—the cardinality of #'. This brings
us to weak Wigner words.

8.3 Weak Wigner words

One can naturally view a walk over a graph as just a list enumerating the labels of the vertices visited along
that walk. That intuition forms the basis for the definition of words and sentences in the context of Wigner
words.
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Definition 8.10 (Words and sentences). [[Wigh5; AZ06]] A word w is a non-empty finite sequence of letters
from some alphabet, where we view letters as length-1 words. We call w closed if the first and last letters
are the same. A sentence a is a non-empty sequence of words, so we may view words as one-word sentences.

There are many properties of words and sentences that we will work with.

Definition 8.11. For a word w and sentence a, we define:
e The length len(w) is the number of letters in w,
e The support supp(a) is the set of letters appearing in a, and
e The weight wt(a) is the cardinality of supp(a).

Given a word, we can translate back and forth between its associated graph.
Definition 8.12 (Graph of a word). Given a word w = oy - - - @, we define its graph Iy, = (V,E) to have
vertices V = supp(w) and distinct undirected edges E = {{a;, 41} 17 € [p — 1]}

We can now finally define weak Wigner words.

Definition 8.13 (weak Wigner word). We say that a word w is a weak Wigner word if w is closed and
traverses each edge of ', at least twice.

8.3.1 Equivalence and canonical representatives

Given that words define walks on graphs, it is natural to define an equivalence relation between them encoding
the shape of the walk.

Definition 8.14 (Equivalence). Two words w and w’ are equivalent, denoted as w ~ w’, if len(w) = len(w’)
and there exists a bijection ¢ : supp(w) — supp(w’) such that 1 (w;) = w; for all ¢ € [len(w)].

Remark 8.15. It is worthwhile to note that w ~ w’ isn’t the same as the graphs I',, and T’ being
isomorphic. For example, w = {12321} and w’ = {12131} have isomorphic graphs but aren’t equivalent. On
the other hand, if w ~ w’ then I',, and Ty are clearly isomorphic where the isomorphism is given by the
relabeling of their letters, 1.

With an equivalence relation, we can talk about the equivalence class W of a word w. Intuitively, an
equivalence class encodes the shape of a walk, but not the actual values of the vertices. Since we will need
to reference the shape of the walk of an equivalence class, we define the canonical representative of an
equivalence class—this is not necessarily a word generated as in Definition 8.4, but it clearly encodes the
shape of the path of the elements of W.

Definition 8.16 (Canonical representative). Let W be an equivalence class and w = (w1, ..., w,) € W.
Define 1, : supp(w) — [wt(w)] by ordering the distinct letters by their first appearance in w. The canonical
representative of W is the word @ = (¢, (w1), - - ., Yo (Wi)).

Example 8.17. For the word w = {421314214}, the canonical representative of its equivalence class is
w = {123431231}.

It is easy to check that this notion of canonical representative is well-defined.

Fact 8.18. If w ~ w’, then their canonical representatives satisfy w = w'.

Proof. Equivalence preserves the equality of letters at any two positions. Thus first appearances occur at the
same positions in w and w’, and every repeated letter receives the same canonical label in both words. [
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8.4 'Weak Wigner words in the bipartite setting

Since the words we will work on are generated as in Definition 8.4 and represent walks on a bipartite graph,
we will introduce some additional definitions and consequences in this context. We call a word w bipartite
if 'y, is a bipartite graph.

Definition 8.19 (Properties of bipartite walks). Given a bipartite walk w on I',, = (V = VU VR, E), we
define

e The left weight wt| (w) = VL[, and
e The right weight wtg(w) = |Vg|.

Moreover, we can measure the loss of vertices from the maximum possible weight of a weak Wigner word
from Definition 8.4. Such words have length 4p 4+ 1 and traverse each edge at least twice, so their connected
graphs have at most 2p + 1 vertices.

Definition 8.20 (Deficiency). For a weak Wigner word w on I'y, = (V = V| U VR, E) constructed as in
Definition 8.4, we define its deficiency to be

A(w) =2p + 1 — wt(w).

Lastly, we define a specific notion of equivalence on the words from Definition 8.4 and show that it agrees
with the standard notion of equivalence.

Definition 8.21 (Bipartite equivalence). Given two walks w on I'y, = (V = V| U VR,E) and v’ on Iy =
(V' = V[ U Vg, E) of equal length, we say that w is bipartite-equivalent to w’ if there exist bijections
YL VL — V| and ¢r : VR = Vj such that ¢ (w;) = w} for all even ¢, and r(w;) = w; for all odd 4. This is
denoted as w ~p; w'.

Fact 8.22. For two walks w on I'y, = (V =V UVg,E) and v’ on ',y = (V' = V| U Vg, E) of equal length
produced as in Definition 8.4,

W ~p W = w ~ '

Proof. The forward direction is immediate since we just define ¢ : V — V' to act on V| via 1 and on VR
via 1r. The reverse direction comes from noticing that in Definition 8.4, it must be that each even index of
w is an element of V| and every odd index is an element of Vg, and similarly for w’. Thus, for an even index
i, we have that ¥ (w;) = ¥((L,z)) = (L,2') = w}. Consequently, on even indices 9 restricts to a bijection
from Vi to V|, which allows us to define ¢ . Similarly, on odd indices ¢ restricts to a bijection from Vg to
Vg, allowing us to define yr. This gives us the necessary bipartite-equivalence of w and w’. O

8.4.1 Equivalence classes from a specified deficiency

Since all words in an equivalence class have the same weight and length, which are the only two parameters
used in the deficiency of a word, they have the same deficiency as well. Thus, we can parametrize a set of
equivalence classes by only their deficiency.

Definition 8.23. For integers p > 1 and A > 0, we let 20,(A) be the set of equivalence classes of even non-
left-backtracking closed walks with length 4p+1, deficiency A, and left and right positions as in Definition 8.4.
For a tuple of equivalence classes (Wi, ..., W), define its admissible part by

Wxy Wh,.... W) ={(z,y,r) e ¥(X,Y) : w;(z,y,r;) € W, for all j € [q]}.

With this notation, we can cleanly decompose # .
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Lemma 8.24.
W(X,Y)= L] | ] Wxy Wi, ..., W,).
(A1 Dg) €10, 2D} (W1, Wy ) €20, (A1) X - X2, (Ag)
Here, each W; is one of the equivalence classes of 20,(A;).

Proof. Each (z,y,r) € #(X,Y) determines a unique equivalence class W; for each w;(z,y,r;) and a unique
deficiency A; € {0,...,2p}. Thus it belongs to exactly one of the admissible parts, while every member of
an admissible part belongs to #(X,Y") by definition. O

8.5 Bounding the number of equivalence classes

The first step in bounding the number of non-left-backtracking closed walks with even multiplicity on each
edge is to count the number of equivalence classes of such closed walks.

Proposition 8.25 (Proposition 7.9 of [AZ06]). For all positive integers N and W satisfying N > 2W — 2,
there are at most

oN N3N —2W+2)

equivalence classes of weak Wigner words of length N + 1 and weight .
Corollary 8.26. For all positive integers N and W satisfying N > 2W — 2. there are at most
9N pF3(N—2W+2)

bipartite-equivalence classes of weak Wigner words produced as in Definition 8.4 of length N + 1 and weight
w.

Proof. The parity argument in Fact 8.22 applies to arbitrary left and right labels, so ordinary and bipartite
equivalence agree for these words. We then apply Proposition 8.25. O

Fact 8.27. For a non-left-backtracking closed walk w on I'), = (V = VU VR, E) from Definition 8.4 such
that every edge is traversed an even number of times, we have

wt(w) < 2p+ 1 (43)
A(w) >0 (44)
Alw) < 2 (15)

witr(w) < p (46)
wtL(w) > p+1— A(w). (47)

Proof. Let e be the number of distinct undirected edges traversed by w. By construction, the walk makes
4p edge traversals. Since each edge is traversed at least twice, e < 2p. The graph traced by the walk is
connected, so wt(w) < e+ 1 < 2p + 1, giving Equation (43). Consequently, A(w) = 2p + 1 — wt(w) > 0,
yielding Equation (44). Since w is nonempty, wt(w) > 1 also gives A(w) < 2p. Each right vertex is entered
from and exited to distinct left vertices by the non-left-backtracking condition, so it has at least two distinct
neighbors. Counting each distinct edge at its right endpoint gives 2 wtg(w) < e < 2p, so wtr(w) < p. Finally,
wt(w) =2p+ 1 — A(w) — wtr(w) > p+ 1 — A(w), giving the final two inequalities. O

This gives us a convenient rewording of Proposition 7.9 of [AZ06].

Corollary 8.28. For an integer p > 1 and deficiency A > 0, the number of equivalence classes of even
non-left-backtracking closed walks from Definition 8.4 is at most

|20, (A)] < 167 (4p)°2.
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Proof. Tf A(w) > 2p, then wt(w) = 2p+1—A(w) < 0, which would give us an empty word, so we may assume
that A(w) € {0,1,...,2p} since A(w) > 0 by Equation (44). Then we set the variables in Corollary 8.26
as N = len(w) — 1 = 4p and W = 2p + 1 — A(w). The requirement of Corollary 8.26 is satisfied since
N — (2W —2) = 2A(w) > 0, so there are at most

2NN3(N—2W+2) — 24p(4p)3(4p—2(2p+1—A(w))+2)
= 167 (4p)52(*)

equivalence classes of non-left-backtracking closed walks from Definition 8.4 with even multiplicity on each
edge. O

8.6 Bounding the size of an equivalence class of a word using sparsity

Now that we’ve bounded the number of equivalence classes of words arising from Definition 8.4 with even mul-
tiplicity on each edge, we move on to bounding the size of their admissible part, the term #x y (Wi, ..., Wy)
showing up in Lemma 8.24. This is the key step where the sparsity of the indexing sets is used.

Lemma 8.29. For a constant n € (0,1) and 7-sparse subsets X,Y C [n]?, take integers Aq,..., A, €
{0,...,2p}. Then, for any Whi,..., Wy) € 0,(A1) X -+ x 0,,(A,), we have that

q
Wy Wiy W)l < nWegWe/a T k0% (48)

j=1

where wt.(W;) = wty(w;) for any w; € W; since all elements in the same equivalence class have the same
weight, wtgr(W;) is similar, and

q q
W, = ZWtL(Wj) and Wgr = ZWtR(Wj)-
j=1 j=1

Proof. If #Wxy(Wh,...,V,) is empty, the bound is immediate. Otherwise, consider a tuple (z,y,r) €
WxyWi,...,W,) and its words ws,...,wg. Since w; has wtr(w;) < k; distinct right vertices and there
are k; possible right vertices to choose from, there are k;(k; — 1) --- (k; — wtr(w;) + 1) < k;vtR(wj) possible
labelings of right vertices for w;. Over all j € [g], this means there are at most

q
wtr(W;
ij tr(WV;) (49)
Jj=1

many assignments of all the right vertices of wy, ..., w,.

For the left vertices, we must use the sparsity of X and Y. This is where it becomes apparent why
we must count admissible tuples rather than choose each w; separately: fixing one w; fixes only the j-th
coordinates of all z,y;, together with r;. The remaining coordinates must still be chosen so that each
complete x; belongs to X and each complete y; belongs to Y. Put more formally, we will write out the
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entries of x € XP and y € Y? as a matrix. Let Z € [n]?P*4 be defined as

— X — — Z1 —
-y - - 4z -
— 1z — _ Zs _
Z=1|- v —|=|- “Zs -

-z, — _ ng_l _

L= Y» - Zyp ]
21,1 21,2 "t Zlq
22,1 222 . 224

|?2p,1  22p,2 "' Z2pq

= w% U/IQ_ ... wL

where for ¢ € [p] and j € [¢] we are letting 29,1, = x;; and 29, ; = y;,; and also removing the “L” label
to just get elements of [n|. Here w}- is the column vector of these 2p left entries of w;, with the repeated
last entry omitted. Now, it is clear that each row of Z is an element of X (if it is at an odd index) or YV
(if it is at an even index), and that each column of Z gives the remaining information to define w;(x,y,r;)
since we have already fixed r;. Consequently, once we have fixed r € szl[kj]Q , counting the members of

Wxy (Wi, ..., W,) with this r reduces to counting the number of possible matrices Z with each odd row in
X and each even row in Y, via Remark 8.5. However, each column must also respect the shape of the path
given by the equivalence classes W, ..., W,. To enforce this, we take the canonical representative w, of W;
for each j € [q], write EJL for the corresponding column of 2p left entries, and define
N |
Z=|wy wy --- w,
N |
_?1,1 Zi2 o Z1g
Z21  Z22 t Z2g
[Z2p,1 Z2p2 0 Z2pg

These canonical labels specify equality patterns—the rows of Z need not belong to X or Y.
To go from columns, which define each w;, to rows, which are chosen by z; and y;, we define for a row
index s € [2p] the set

Fe={jelq:Zs; € {Z1rjs--»Zs-15}}

which gives the column indices in row s of elements whose symbol first appears at position s in their column.
This allows us to rewrite W as

MG_ZZE:\Wi(M@)
j=1
=Y > 1z € {F - B}

j=1s=1

=D IRl (50)
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Thus, once the rows Zi,..., Z;_1 have been fixed, the coordinates of Z in [q] \ F; are also fixed because
w; ~ w; for all j € [q], so we are only free to choose the value of the coordinates of Z, in F,. If [F,| =0,
then Z; is already fixed and there is at most one choice. If |Fs| > 0, then since both X and Y are 7-sparse,
from Fact 3.7 we have that there are at most nn!Ps possible values for Z,. Note that in this counting
argument, we neither required the non-left-backtracking requirement that =, ; # y.; and y. ; # %41, nor
that unfixed indices in F actually be chosen to not match the previous elements in their column. Loosening
our requirements just gives us a weaker upper bound, which is acceptable for our argument.
Finally, multiplying the number of choices for each row s € [2p] gives us at most

p <1 Faly 32, 1{|FL|>0}

many assignments. To simplify this expression, we notice that trivially |Fs| < ¢ so by Equation (50) we
have Wy < ¢ 3% 1{|F,| > 0}, meaning that 322 1{|F,| > 0} > W, /¢. Along with another application of
Equation (50) this gives us the upper bound

nzgillFsanEL 1{‘Fs‘>0} S TLWL'f]WL/q (51)

Taking the product of the upper bound on the number of assignments of right vertices in Equation (49) and
the upper bound on the number of assignments of left vertices from Equation (51) gives us Equation (48). [

q k*QP

We take one step further and multiply by the coefficient [] =1 k;

Lemma 8.30. With the assumptions of Proposition 8.1 and n-sparse X,Y C [n]? and integers Aq,..., A, €
{0,...,2p}, for any equivalence classes (Wh,..., W,) € W,(A1) x --- x W,(4A,), we have that

q
L1572 | 7y O, W] < p=2PantnP (gt 9) =2 (52)

j=1
where A =370 A;.

Proof. By Lemma 8.29, we have

q q q
L5 | OV wl < TLi™ | n*eners [T oy
j=1

j=1 j=1

q
— nWL,r]WL/q H kth(Wj)_Qp (53)
j=1
Equation (46) gives us that wtr(W;) < p, so using the fact that k; > pn and p € (0,1) we can compute

k;vtR(Wj)*2p < (pn)th(Wj)72p < p72pnth(Wj)72p' (54)

Therefore, over all j € [¢] we get

q
H k;VtR(Wj)_2p prPnWtR(WJ'%Zp By Equation (54)
j=1

IN
.EQ

1

j
= p=2papWe=2pa (55)

Moreover, by Equation (47) we have that W, > ¢(p+ 1) — A so

nWi/a < ppti=Ala (56)
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since n € (0,1). By the definition of the deficiencies, we also have that
Wi+ Wr<q(2p+1)—-A (57)

which allows us to simplify Equation (53) as

q q
H kJ—Qp |WX7Y(W17 o 7Wq)| < TLWLT]WL/(I H k;VtR(Wj)*QP

=1 =t
< pM . gWila . p=2pap We—2pg By Equation (55)
< PVt We=2pa  ppt1-A/q . ,=2pq By Equation (56)
< pamA L ppti=Ala =2 By Equation (57)

= p PP (g 0) A,

matching Equation (52). O
We are now ready to bound E, [tr((TTT)P)].

Lemma 8.31. With the setup of Proposition 8.1, for any A € A let X = X, Y =Y, C [n]? be n-sparse
subsets and set p = [Dlog(n)]. Then for all n > Np 4, we have

E[tr(Ty I} 7)) < 2nyp (167277,

o

Note that, while we set p here, we do not fully eliminate it to make cancellations in subsequent computations
cleaner.

Proof. Let T = T). Corollary 8.9 and Lemma 8.24 together give us the expression

E[tr(TT")P)] = > > L1572 ) 1750 O, W)

o
(A1, Ag)E{0,..,2PF9 (Wi, )W) €W, (A1) XX Wy (A,) \J=1

Using the result of Lemma 8.30 yields

Eltr((TTT)?)] < > > p 2Py (np'/0) A, (58)
(110,80 {0, .. 20)0 (W), €12, W, (A;)

where we recall that A = Z;J.:l A;. Because the summand in Equation (58) does not depend on Wi, ..., Wy,
the second sum just contributes a factor of

1T 12,8, < J] 167 (4p)° (59)
j=1 j=1
= 16P7(4p)°®~. (60)

All that is left now is to deal with the first sum of Equation (58). We first observe some useful inequalities
by our choice of parameters. Because p = [Dlog(n)], we have 4p < 8Dlog(n). Thus, using the inequality

[e3%

log(n) <

RIZ
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for n > 1 and o > 0 we can set & = 1/24 to compute

(4p)° < (8Dlog(n))°

1/24\ 6
< <8D~24n >
e

_ (192D 6n1/4
(&

nl/2
< — 61
<t (61)
where the last inequality is due to our choice of n > Np 4, > 16 (@)M. Consequently, using the fact that
n>n"92%so n'/1 > n=1/2 we can use Equation (61) to get
(4p)® _ 1
< =
i S 3 (62)
Finally, we put all these inequalities to use to reduce Equation (58) as follows:
E[tr((TT7)")] < > > PPt (/48
(A1, 80)€{0,...,2p}9 (W) €10, Wp(A))
< Z (167(4p)®2) (p_qunqan(nnl/q)_A) By Equation (60)

(A1,...,A4)€{0,...,2p}9
2

hS]

::]Q

= ninPtl(169p27)P

()
o(mw>
()

<.
Il
—
>
H

J

IN

n 771)+1(16q 7211 p

;:pa
M2

J=1A;=
q 00
<ntpPtaelp2r [ > By Equation (62)
j=1A;=0
— 2an177p-s-1(1661[)—261)107
as claimed. O

8.7 Putting it all together
We can finally prove Proposition 8.1.

Proposition 8.1 (Proposition 7.11 restated). Take fixed integers v > 0 and ¢ > 1 such that v+ ¢ < D. Let
A Dbe a fixed indexing set such that |A| < n”. For all indices A € A, take X,,Y)\ C [n]? to be n-sparse for
some constant n € (0,1), fixed independently of the signs. Letting

q
Ty =1x, [ Q) D; | 1y : R - R,
j=1
we have that for n > Np 4, := max {16 (@)24 777—2/11},

4 q
< — .
Bl Tl <2 (2) v

If A = @, then this expectation is just O.
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Proof. As in Lemma 8.31, we let p = [Dlog(n)]. By Holder’s inequality,

E T =E|1- T
Tl | = |1 T3,

o

[ea

< (E[127/ =1y Er=1)/2p (]E

27\ /D)
(max||TA|| ) ])
2 1/(2p)
(& b)) (63)

Next, we use a summation and Fact 3.21 to bound the maximum as

2p 2p
max [Ty of < % 75122

<> ((TaTy)P). (64)

AEA

We now put Equations (63) and (64) together with the assumption that |A| < n” to compute

< >1/<2p>
<ZE [tr((TNTY )P )])1/(2p)
d
<(n
= 21

E {max ||T,\|| < lz tr(( TATA
7 AEA

AEA

1/(2p)
> 20t (169p7 )P ) By Lemma 8.31
AeA

V2qnq p+1 16q 72q) )1/(217)

q
/20 a0/ 20) 1)/ 20) (4) (65)
p

Using our assumption that ¢ + v < D, ¢ < D, and p > Dlogn we can simplify the first two terms of
Equation (65) as

24/ (2p)  (a+v)/(2p) < 9 THTes 20 TeE T

_ log 2 +1
P 2logn 2

<2 (66)

where the last inequality uses n > Np 4, > 16. To bound the third term of Equation (65), we note that
p+1 >1/2and 0<n<1so

77(p+1)/(2p) < Vi (67)

Plugging Equations (67) and (66) into Equation (65) yields our desired claim. O

9 Open Questions

There are several immediate directions that we think would be interesting and worthwhile to explore.
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1. The transference of our result from the reals to finite fields in the proof of Theorem 6.1 requires our
base field to have characteristic O(2" n”logn) instead of two as obtained by [KP25]. Can this be
avoided and our method be made to yield the same result over an extension field of characteristic two?

2. Different parametrizations of the generator matrices used to define a family of collections of codes
can force the component codes to have desired groups contained in their automorphism groups. Can
our techniques be used to analyze such a model? And if so, what automorphism groups can be
achieved? The main difficulty here is that we explicitly use the independence of the signs in our
random Rademacher generator matrices in Sections 7 and 8, and non-trivial parametrizations might
introduce relations amongst these signs.

3. Besides analyzing the product expansion of tensor codes, one could analyze the coboundary expan-
sion of more general sheaf codes that could be used as the local codes on other high-dimensional
expanders, such as simplicial HDXs. In the formalization of [PK24], all of the main components of
our analysis generalize. Corestriction maps and extendable/inner-generated sets are still well-defined,
planes become the set of top-level neighbors of an element in a poset, and we can still use our random
Rademacher model for the generator matrices. However, the clean tensor decomposition of blocks of
the plane-interaction matrix from Section 7 is no longer possible, and any other decomposition will
depend on the exact sheaf codes being studied. It is especially tempting to combine this question with
the last one to ask what automorphisms we can require these codes to have.

4. Similar to the last couple questions, can our techniques be used to analyze polynomially parametrized
families of codes that result in instances having the multiplication property? This would be interesting
in both the cubical and simplicial settings to achieve global codes with the multiplication property.
As previously mentioned, this is relevant when trying to construct quantum codes that are useful for
computation [Ngu25].
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